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Summary

Survival analysis examines and models the time it takes for events to occur.
The typical event is death, from which the name ‘survival analysis’ and much
of its terminology derives. Since the data can only be collected over a finite
period of time, the ‘time to event’ may not be observed for all the individuals.
This is the case for example when a patient leaves a clinical study before it
ends or she/he is still alive by the end of the study. In such a case, the death
time (time to event) for this individual is unknown. Such a phenomenon,
named censoring, creates some unusual difficulties in the analysis of survival
data that cannot be handled properly by standard statistical methods. In
traditional survival analysis, all subjects in the population are assumed to be
susceptible to the event of interest, that is, every subject has either already
experienced the event or will experience it in the future. However, in many
situations it may happen that a fraction of individuals (long-term survivors)
will never experience the event, that is, they are considered to be event free.
For example, a treatment is assigned to patients in order to evaluate the effect
on the recurrence of a disease. Many individuals never experience recurrences
and thus can be regarded as cured or immune individuals.

In the literature on cure models there are basically two types of models:
the mixture cure model and the so-called promotion time cure model. In the
former model one models the survival function by assuming that the underlying
population is a mixture of two sub- populations: the sub-population of ‘suscep-
tibles’ (i.e. those who will experience the event and have finite survival time)
and the sub-population of ‘non-susceptibles’ (i.e. those who are event free and
have an infinite survival time). On the other hand, the promotion time cure
model is motivated by an underlying biological interpretation in terms of time
to onset of cancer, and uses a direct modelling approach without separating
susceptibles and non-susceptibles as is the case in the mixture cure model. In
that sense, the two modelling approaches are quite different. Both models have
been extensively studied in the literature, conditions under which the models
are identifiable have been obtained and different parametric, semiparametric
and nonparametric estimation procedures have been proposed and studied both
asymptotically and for finite samples.

In this thesis we are interested in investigating three directions related to
these models. The first contribution consists in providing a state of the art on
cure models reviewing the many different points investigated in the literature
and providing a formal and a numerical comparison of the two models through
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an application on real data.

The second contribution of this thesis focuses on the mixture cure model
and more precisely on the uncure proportion. Often, this quantity is modelled
parametrically, assuming a logistic regression model. However, there is no
reason to strictly constrain and limit the cure proportion to a logistic form.
Our aim is then to propose a more flexible modelling approach for the cure
proportion, by assuming a single-index structure, that is, a generalised linear
model in which the link function is left unspecified, and by considering a Cox
proportional hazards model for the conditional survival function of uncured
subjects.

Finally, beside modelling and model selection, an important topic of statis-
tical analysis is the question of model assessment, that is, the evaluation of the
predictions that can be made from a given model. For cure models, predictions
can be performed for two outcomes, the survival at a given time and the cure
status, both of them being binary. Often, when one wants to assess the binary
classification performance, the Receiver Operating Characteristic (ROC) curve
is considered. However, while standard ROC curves suppose that the classes of
the outcome are fully observed, building a ROC curve from cure survival data
is a non-trivial problem since survival data are subject to censoring and hence,
the cure status is unobserved. This last contribution concerns therefore the de-
velopment of ROC curves to evaluate the performance of cure status prediction
that can be made from survival data in the presence of a cure fraction.
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Chapter 1

Introduction

Survival analysis is the branch of statistics dedicated to the analysis of time-
to-event or survival data. By time-to-event, one means the time from a well
define origin until the occurrence of a particular event of interest, also called
the survival time. To provide some examples, the time to death, but also the
time to failure of a machine, or the duration of unemployment are all survival
times. Since it is not possible to follow all individuals for an infinite period of
time, an important characteristic of time-to-event data is that the occurrence
of the event may not be observed for all observations. This particular feature,
named censoring, gives to survival analysis its specificity.

In ‘classical’ survival analysis, one usually assumes that, despite censoring,
all subjects under study are susceptible to the event of interest, that is, they
will all eventually experience it. In some contexts, however, it may happen that
a fraction of the observations never experience the event. This is the case, for
example, when interest lies in the time until the recurrence or the progress of
a certain disease. In such a case, some subjects who are cured from the disease
will never experience a relapse or a progress. Likewise, when one studies the
time until a component fails in an industrial process, the event of interest may
never happen for some observations. Since the event will never occur, these
individuals are considered as long-term survivors or as ‘cured’, and one usually
says that the survival data contain a cure fraction.

In order to take the presence of a cure fraction into account, ‘classical’
survival analysis has been extended to cure models. Initially introduced by
the works of Boag (1949) and Berkson & Gage (1952), the literature on cure
models is mainly composed of two classes of models, namely, the mixture cure
model introduced by Farewell (1977) and Farewell (1982), and the promotion
time cure model proposed by Yakovlev et al. (1996). Both of these models have
been extensively study in the literature and cure models constitute nowadays
a branch of survival analysis.

Within this framework, the goal of this thesis is to contribute to the litera-
ture on cure models by investigating different aspects of these models, ranging
from modelling to prediction assessment.
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Before moving to the core of this thesis, the remainder of this preliminary
chapter is dedicated to the introduction of the concepts underlying the research
presented in this manuscript. Section 1.1 presents some key elements of sur-
vival analysis, while Section 1.2 defines the concept of cure survival data and
provides a general definition of cure models. Prediction assessment is often
performed through the Receiver Operating Characteristic (ROC) curve. Sec-
tion 1.3 provides an overview of this method. In Section 1.4, we provide a
general description of the Expectation-Maximisation algorithm which is often
used to estimate some cure models. Finally, in Section 1.5, we end this chapter
with the outline of this thesis, summarising our contribution to cure models in
survival analysis.

1.1 Some Elements of Survival Analysis’

Formally speaking, the objective of survival analysis is to study a non-negative
random variable, denoted by T', which represents the survival time. Throughout
this manuscript, we will assume that T is continuous.

1.1.1 Basic Elements
Survival Quantities

Traditionally, the distribution of T" is described by three equivalent quantities,
namely the survival function

Sit)y=P(T >t)=1-F(t),
where F(t) = P(T < t) is the cumulative distribution function of T, cor-

responding to the probability of being still event free at time ¢, the hazard
function

<T< >
)\(t):Alimop(thftA:At\Tft)’
o

which represents the instantaneous risk of experiencing the event right after
time t given that the subject has survived until then, and the cumulative hazard
function

A(t):/o Au)du,

which corresponds to the accumulated instantaneous risk of experiencing the
event over the time. These three quantities are related by the relationship
S(t) = exp[—A(t)] or equivalently A(t) = —log S(t). It follows that A(t) =
(d/dt)A(t) = f(t)/S(t), where f(-) denotes the density function.

LAll the concepts presented in this section are only briefly described. For a deeper insight
into survival analysis, we refer the reader to the textbook by Collett (2003) which provides
an easy to read insight to survival analysis and the textbook by Klein & Moeschberger (2003)
for a more advanced description.
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As mentioned at the beginning of this chapter, a fundamental assumption
of survival analysis is to suppose that all subjects under study eventually ex-
perience the event of interest. Hence, the survival function is proper, that

is,

tliglo S(t) = 0.
Equivalently, from the relationship between S(t) and A(¢), the cumulative haz-
ard function is such that

lim A(t) = oo,

t—o0
meaning that when ¢ becomes large, the accumulated instantaneous risk of
experiencing the event is infinity, and therefore affects all subjects.

The Concept of Censoring

An important characteristic of survival data is the presence of censoring. By
censoring, we mean that the exact event time is not observed for some indi-
viduals and that it is only known to occur within a certain interval. Thus, the
information provided by survival data is incomplete.

Three types of censoring can be encountered: right censoring, left censoring,
and interval censoring. Additionally, the survival time can also be subject to
right and/or left truncation. In this manuscript, only right censoring is consid-
ered. We therefore refer the reader to the textbook by Klein & Moeschberger
(2003) for more details about the other types of censoring and truncation.
Right censoring corresponds to the case where only a lower bound of the sur-
vival time is observed. Typically, this type of censoring occurs because it is
not possible to follow individuals for an infinite period of time. For example,
this is the case when a patient is still alive by the end of a clinical study with
death as endpoint. In such a case, instead of observing 7', we rather observe
the follow-up time

Y = min(T, C),

where C' is the censoring time. A common assumption is to assume that T
is independent of C. Alongside the variable Y, we also observe the censoring
indicator

A=I(T<0),

where I(-) represents the indicator function. Throughout this thesis, we further
assume that we are facing random right censoring, meaning that the censoring
time is a random variable. This type of censoring occurs because of ‘lost to
follow-up’, when, for example, in medical studies, a patient leaves the study
before having experienced the event of interest (e.g., death or progression of the
disease); but also because of administrative censoring which happens when the
patient is still event-free at the time of performing the analysis, among others.

Censoring has some consequences, the most important ones being on the
building of the likelihood function and on the estimation of survival quantities
as described in the next sections.
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1.1.2 Likelihood Function for Survival Data

Due to censoring, the information provided by each observation is different de-
pending on the censoring status. When building the likelihood function, it is
therefore necessary to be careful to what information is provided by each obser-
vation. By considering independent and non-informative censoring, meaning
that the distribution of the censoring times does not depend on the parameters
of interest related to the survival function, it can be shown that an uncensored
observation contributes to the likelihood function by means of the density func-
tion, while a censored observation contributes by means of the survival func-
tion (see, for example, Klein & Moeschberger (2003) Chapter 3). Let (Y;, A;),
i=1,...,n, be independent and identically distributed (i.i.d.) copies of (¥, A).
The likelihood function for survival data is given by

=TT o> sry-2. (L1)

Equivalently, given that f(Y;) = A(Y;)S(Y:), this likelihood function is also
often expressed as

£ =TT sm).

1.1.3 The Kaplan-Meier Estimator

Censoring also impact the estimation of the survival function. Indeed, consid-
ering a classical empirical distribution function would consist in disregarding
censored observations, and hence losing the information provided by censored
observations. To overcome the difficulty, a standard estimator for the survival
function is the non-parametric estimator proposed by Kaplan & Meier (1958)
which is given by

N R(Y") — D;
S(t) = H () J 7
. R(Y*)
JY 5 <t ©)]
where Y(’;.), j=1,...,r, represent the distinct uncensored event times ordered

in increasing order, R(Y%,) is the number of observations at risk prior to the
time Y? , and D; is the number of observations that experience the event at
time Y %,. This estimator takes the form of a step function with jumps at each
distinct uncensored event time. Censored observations with follow-up times
greater than Y(’;) are taken into account in R(Y(’;)) Those with follow-up times
lower than Y}, are disregarded in R(Y(})). Note that, it is well known that
the Kaplan-Meier estimator is inconsistent in the right tail. As a consequence,
when the last follow-up time is a censoring time, {R(Y{})) — D;}/R(Y(})) # 0
and it follows that S (Y(’;)) # 0. This point, even if it represents a drawback in
classical survival analysis, will be useful in the presence of a cure fraction as
we will detail later in this chapter.

In the presence of a vector of covariates, this nonparametric estimator has
been extended by Beran (1981). A brief description of its form will be given in
Chapter 2.
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1.1.4 Survival Models

Modelling the influence of a vector of covariates on the survival, hereafter
denoted by Z, is often performed via one of the two models described in this
section.

The Cox Proportional Hazards Model

A popular semi-parametric model for the hazard function is the proportional
hazards (PH) model introduced by Cox (1972). This model consists in mod-
elling the hazard function as follows:

At|z) = Xo(t) exp(B'2), (1.2)

where A\g(t) is a baseline hazard, that is the hazard function for z = 0, which
remains unspecified, and 3 is a vector of parameters associated with z, that
does not contain an intercept. A particular feature of this model is that the
hazards are proportional as the ratio of the hazard functions for two subjects,
with covariate vectors z; and z;, respectively, is constant over the values of ¢:

A(tlzi) _ exp(B'z:)

A(t]z;) exp(ﬂtzj).

The cumulative hazard function for the Cox PH model is given by

A(t|z) = Ao(t) exp(B'2),

where Ag(t) = fot Ao(u)du is the baseline cumulative hazard function, and the
survival function S(t|z) = P(T > t|Z = z) takes the form

S(t|z) = So(t)=PB"=),

where Sy(t) = P(T > t|Z = 0) = exp{—Ao(t)}, is the baseline survival func-
tion. Both Ag(t) and Sy(t) are left unspecified.

Inference for the vector of parameters 3 relies on a so-called ‘partial likeli-
hood’ which, in the case where there are no ties among the uncensored obser-
vations, that is, when D; = 1, for all j, takes the form

r t
. e(8'7)
R 1SSy

where R; represents the set of observations at risk prior to the time Y7,.
As it can be seen, this partial likelihood does not depend on the unknown
baseline hazard function Ag(t). A profile likelihood (Murphy & Van der Vaart
(2000)) method, considered by Breslow (1974) for the Cox PH model, is often
used to obtain this formulation. The general principle consists in expressing a
parameter of the model as a function of the other parameters in such a way
that the former one does not appear anymore in the likelihood function. It is
often used when there is a ‘nuisance’ parameter. This is a two-step approach
which consists, in the context of the Cox PH model, in

(1.3)
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1. estimating non-parametrically A\o(t) considered as a ‘nuisance’ parameter,
given 3,

2. replacing A\o(t) by its estimator in the likelihood function.

Hence, the partial likelihood (1.3) is obtained. An alternative estimation
method for B has also been proposed by Kalbfleisch & Prentice (1973) and
relies on a marginal likelihood function. Its principle is briefly described in
Chapter 2 Section 2.1.2.

Parametric versions of the Cox PH model also exist. In such a case, a para-
metric distribution is specified for the survival time 7. The main parametric
formulations that will be used in the forthcoming chapters are mentioned in
Table 1.1 with a description of the corresponding baseline hazard functions.

Table 1.1:  Main parametric distributions considered for T with the associated
hazard function.

Distribution  Hazard function — Parameter(s)

exponential  Ag(t) = A A>0

Weibull Ao(t) = AptP~1 A>0,p>0
Gompertz Ao(t) = Aexp(at) A>0,a>0

Ao(t)

Kk—1
t) = s A>0,k>0

log-logistic

The Accelerated Failure Time Model

Despite its popularity, the Cox PH model is not always appropriate as the
hazard functions are not always proportional. A popular alternative modelling
is the so-called Accelerated Failure Time (AFT) model, first mentioned by
Cox (1972) and further studied by Prentice (1978), which models the survival
function as
t

S(t|z) = Sy {exp(ﬁtz) } , (1.4)
where Sy(-) is a parametric baseline survival function. As it can be seen,
covariates act multiplicatively on ¢, meaning that they ‘accelerate’ or ‘slow
down’ the time scale or the ‘speed’ at which the event happens relatively to
the baseline, that is for z = 0. The hazard function of the model is given by

t
exp(B'z)

showing that, contrarily to the Cox PH model, the hazards are not proportional
as their ratio is not constant over the values of ¢t. Nevertheless, there exists a
relationship between the two models. When a Weibull distribution is assumed
for T and the baseline hazard in the Cox PH model is \o(t) = pAt’~1, both
models are equivalent.

At2) = o { b lexn(or)) .
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The AFT model is also sometimes expressed through a log-linear formula-
tion given by
log(T) = Bo + B'Z + oe,

with Sy an intercept term, o a scale parameter and € a random error term.
Depending on the choice for the distribution of €, different models will be
obtained. When the distribution of € is left unspecified, we obtain a semi-
parametric AFT model.

1.2 Cure Models

When survival data contain a cure fraction, we distinguish two different types
of observations:

e those who experience the event and that are therefore considered as sus-
ceptible to the event or ‘uncured’; and

e those who never experience event, and that are then non-susceptible or
‘cured’ regarding the event of interest.

In such a situation, survival analysis concepts and quantities are modified,
justifying the need for cure models. In this section, we first explain the conse-
quences of a cure fraction on the classical survival quantities presented before,
and we briefly introduce the two broad classes of cure models. Note that this
latter point will only consist in a general presentation of both of these classes
of models. A detailed literature review containing further developments will
be provided in Chapter 2.

1.2.1 Cure Fraction and Survival Quantities

When considering a cure fraction, a convention consists in assuming that a
cured subject is such that T'= oo, in order to represent the fact that the event
never happens, while T' < co for a non-cured subject. A first consequence is
that, when t goes to infinity, a fraction of the observations is still event free.
The survival function is then improper, that is,

lim S(¢) > 0.

t—o0
This limiting value, denoted by 1 — p, corresponds to the proportion of cured
observations, called the cure rate. Equivalently, the cumulative hazard function
is bounded from above, that is,

lim A(t) < oo.

t—o0
In other words, when ¢ becomes large, the accumulated instantaneous risk of
experiencing the event does not become infinite, but reaches a plateau, meaning
that some subjects can not experience the event. The limiting value of the
cumulative hazard function is equal to —log(1 — p).
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Figure 1.1: Kaplan-Meier estimator for 300 data points, simulated from a model
containing a cure fraction (+ : censored observations)

Since the survival times are subject to censoring, the cure status is not
directly observed. In fact, if we denote by B the uncure status, such as B =
I(T < o), it is obvious that an uncensored observation is such that B = 1,
since A = 1 and consequently Y = T'. On the contrary, when an observation is
censored, A = 0, and therefore Y = C. However, given that censoring affects
both cured and non-cured subjects — for the cured subjects because the event
never happens, and for the uncured individuals because the follow-up cannot be
infinite — it is not possible to determine the value of B in that case. Therefore,
the cure status is only partially observed through the censoring indicator.

An implication of the latency of the cure status is when building the likeli-
hood function for cure survival data. In fact, the information provided by the
observations can only be of two types as in classical survival analysis, censored
or uncensored. Therefore, uncensored observations contribute by means of the
density function, and censored observations by means of the survival function
to the likelihood function. No distinction is made between cured and uncured
censored subjects. The likelihood function has then the same form as Equation
(1.1). However, the survival and the density functions will be different as they
take into account the presence of a cure fraction (further details will be given
in Chapter 2).

In order to illustrate the existence of a cure fraction, we simulate 300 data
points from a model in which 32% of the observations are cured and 40% are
censored, accounting not only for the cured observations, but also for the cen-
sored uncured subjects, which represent 8% of the population. Figure 1.1 shows
the Kaplan-Meier estimator of the survival function of these 300 observations.
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Figure 1.2: Kaplan-Meier estimator for 300 data points, simulated from a model
containing a cure fraction (a) + : censored uncured observations - (b) +: cen-
sored cured observations.

As it can be seen, there is a clear plateau in the right tail, showing the fact that
the survival function is improper, and of which the height is an estimator of
the cure proportion 1 —p. As mentioned in Section 1.1.4, when there is no cure
fraction, the Kaplan-Meier estimator is inconsistent in the right tail. Therefore
certain conditions need to be fulfilled in order to be sure that the height of the
plateau estimates well 1 —p and corresponds to a cure fraction. In fact, it could
happen that some of the observations in the plateau correspond to censored
uncured observations and in that case the height of the plateau will be larger
than 1 — p. Formal identifiability conditions will be given in Chapter 2, but
informally speaking we can say that if we have a long plateau, corresponding
to a sufficiently long follow-up, that contains a ‘large’ number of data points,
we can be confident that (almost) all observations in the plateau correspond to
cured observations as represented in Figure 1.2 which shows the Kaplan-Meier
estimator for the simulated example but distinguishing cured from uncured
censored subjects. Note that observing a long plateau with a substantial num-
ber of data points is essential on an empirical point of view to consider the
existence of a cure fraction in the data, but there should also exist a contextual
evidence for the existence of a cure fraction.

1.2.2 Cure Survival Models

As mentioned at the beginning of this chapter, there exist two classes of cure
models, the mixture cure model and the promotion time cure model. The works
by Boag (1949) and Berkson & Gage (1952), to whom we owe cure models, have
introduced the idea of a mixture cure model which has been further developed
by Farewell (1977) and Farewell (1982). The basis of this approach consists in
considering that the population of interest is actually a mixture between a cured
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and a non-cured sub-population. As the uncured status is latent, the survival
function of the entire population Spop(tlz,2z) = P(T > t|1X = x,Z = z),
where X denote a second vector of covariates which might be identical to Z, or
partially or completely different from Z, can be modelled as a mixture model
taking the form

Spop(t]®, 2) = 1 = p(®) + p()Su(t]2), (1.5)

where p(x) = P(B = 1|z) is the probability of being susceptible or uncured
(often called the incidence), and S, (t|z) = P(T > t|z, B = 1) is the (proper)
conditional survival function of the susceptibles (often called the latency) such
that lim; o Sy(t]z) = 0. Therefore, it follows that limy; oo Spop(t|x, 2) =
1—p(x). Note that model (1.5) is saying that the probability of being uncured
only depends on  (and not on z) and that the conditional survival function
of the susceptibles only depends on z (and not on ).

The promotion time cure model, also called bounded cumulative hazard
model or PH cure model, is a more recent proposal introduced by Yakovlev
et al. (1996). This model is an adaptation of the Cox PH model to allow
for a cure fraction. To understand how it is built, we first need to start
from the cumulative hazard function. As mentioned previously, in the pres-
ence of a cure fraction, the cumulative hazard is bounded from above, that is,
lim;—, oo A(t) < co. By assuming that this limiting value is equal to 6, § > 0,
the cumulative hazard function can be written as A(t) = 0F(t), where F(t) is
a proper distribution function. Given that S(t) = exp[—A(¢)], it follows that
the survival function Spep(t|z) = P(T > t|X = &) can be written as

Spop(t|@) = exp {—0(x)F(t)}, (1.6)

where & now represents the complete vector of covariates, and 6(x) captures
the effect of the covariates  on the survival function Sy, (t|x). For this model
the cure rate is given by lim;_, . S(t|x) = exp{—6(x)}. One often chooses
0(x) = exp(yo + v'x). Note that this model includes an intercept, while the
Cox PH model without a cure fraction does not, since it supposes that Ag(t)
tends to infinity when t tends to infinity, and an intercept would therefore not
be identifiable. This formulation of the promotion time cure model is one that
is encountered the most in the literature. However, covariates may also be
introduced in F'(t). These formulations will be further described in Chapter 2.

1.3 The Receiver Operating Characteristic
Curve

In Chapter 4, we propose a methodology to diagnose the classification per-
formance of a continuous classifier to predict the cure status based on cure
survival data. Often, when one wants to evaluate to which extend a continu-
ous classifier correctly performs a binary classification, the Receiver Operating
Characteristic or ROC curve is used. Initially developed during World War
IT to detect enemy objects in battlefields, this graphical tool has increasingly
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spread, and is now used in a broad range of fields. Among others, we can cite
medicine to evaluate the performance of a diagnostic test in predicting a disease
for example, in psychology to investigate the performance of a scale related for
example to depression, in meteorology when developing a tool to forecast an
event such as a tornado or rain based on climate variables for example, but
also in machine learning to evaluate the accuracy of a classification tree for
example.

In order to motivate the concepts behind the ROC curve, this section starts
with a description of the evaluation of the diagnostic ability of a binary clas-
sifier, and then extends this concept to the case where it is continuous, which
leads to the ROC curve. The concepts and methods related to binary classifica-
tion evaluation and ROC curves are only briefly described in this section. The
textbook by Pepe (2003) provides a very good insight into that topic for all
kinds of classifiers, while the textbook by Krzanowski & Hand (2009) focuses
on ROC curves.

1.3.1 Binary Classifier

Let us consider a set of subjects, that we would like to classify into two classes,
called cases and controls, based on a classifier M. The classes are represented
by a binary variable, denoted by D, such that D = 1 for a case, and D = 0 for
a control.

For a binary classifier, that is, when M = 1 when the subject is classified
as a case, and M = 0 when it is classified as a control, there are four outcomes
for the classification, which are given in Table 1.2. A correct classification is

Table 1.2: Possible outcomes of a binary classification.

D=0 D=1

0 | true negative | false negative
1

M
M false positive | true positive

associated with true positive and true negative subjects, that is, subjects which
are classified as a case (resp. a control) when they are effectively a case (resp.
a control). On the contrary, false negative and false positive subjects, that is
subjects classified as a control (resp. a case) when they are actually a case
(resp. control), are representative of an incorrect classification. To evaluate
the classification performance of M, a possibility is to consider the overall
misclassification rate given by

P(M #D)=P(D=1) P(M=0D=1)+ P(D=0) P(M=1|D =0),

which gather both false positive and false negative error probabilities. However,
it is often of interest to report both the false negative proportion, P(M = 0|D =
1), and the false positive proportion, P(M = 1|D = 0), instead of an overall
value. One reason is that these two types of errors do not have the same
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implication. In the context of a diagnostic test for a lethal but curable disease,
for example, false negative error means that the subject is diagnosed as disease
free, when it is not. In such a case, a potential consequence is death. A false
positive error, conversely, means that the subject is diagnosed as having the
disease while it is not. Even if there are some consequences in such a case,
they are less serious in the long term than for a false negative error. Therefore,
the classifier is usually evaluated, at least in medicine, based on the amount of
false positive and false negative errors it produces. Furthermore it is important
to look at both of them. Indeed, a test that would be always positive, that is,
when P(M = 1|D = 1) = P(M = 1|D = 0) = 1, would have a false negative
proportion P(M = 0|D = 1) equal to 0, but also a true negative proportion
P(M = 0|D = 0) = 0 which is not convenient.

A perfect classifier is such that P(M =0|D =1) = P(M =1|D =0) =0,
that is, a classifier which does not produce any false positive and false negative
errors, or equivalently, a classifier which only produces true positive and true
negative subjects.

1.3.2 Continuous Classifier

For a continuous classifier, it is not possible to directly classify a set of subjects
into two classes based on a continuous quantity. It is therefore necessary to
dichotomise M by considering a threshold, denoted hereafter by k. A conven-
tion is to classify a subject as a case when the classifier is such that M > k. In
such a context, the true positive proportion, also referred to as the sensitivity,
is given by

Se(k) = P(M > k|D =1),

and the true negative proportion, also named the specificity, corresponds to
Sp(k) = P(M < k|D =0).

Different thresholds correspond to different sensitivities and specificities. The
ROC curve is a graphical representation of all possible combinations of the
sensitivity and one minus the specificity that can be obtained from all possible
dichotomised version of the classifier, based on the values of the threshold k.
It plots the sensitivity against one minus the specificity, for all possible values
of k € R, and its equation is given by

ROC(u) = Se{(1-Sp)'(v)}, 0<u<1,

where u is an index. The ROC curve is an increasing function lying in the quad-
rant (0,1) x (0,1). A graphical example is given in Figure 1.3. The position
of the curve in the quadrant (0,1) x (0,1) indicates the diagnostic performance
of the classifier. In fact, the sensitivity and the specificity both correspond to
the distribution function of the classifier in the two groups, respectively. When
the classifier is uninformative, that is, when it is not possible to distinguish
cases from controls based on M, the distribution of the classifier is the same
in the two groups, and therefore P(M > k|D = 1) = P(M > k|D = 0), for
all k. It means that the sensitivity equals to one minus the specificity. The
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Figure 1.3: Graphical representation of a ROC curve. Each point represents a
combination of the sensitivity and one minus the specificity for different values
of the threshold.
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Figure 1.4: Graphical representation of a ROC curve showing the two extreme
performances of a classifier.
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classifier is then equivalent to a random guess and it corresponds, graphically,
to the bisector, represented in red in Figure 1.4. On the contrary, a perfect
classifier has zero false positive and zero false negative error. All subjects are
therefore perfectly classified and the sensitivity and the specificity are equal to
1. Graphically, it corresponds to the point (0, 1), the blue dot in Figure 1.4,
where P(M > k|D = 1) = 1, and where P(M > k|D = 0) = 0. Only one ROC
curve reaches this point, the one lying along the left and the upper border of
quadrant as shown in blue in Figure 1.4. The ROC curve lies between these
two extreme situations, only in the upper part of the quadrant. The closer
the curve will be to the point (0,1), the better the classifier performance will
be. Note that, if case subjects are such that M < k, the ROC curve lies in
the lower part of the quadrant. In such a case, it suffices to consider (—M) to
obtain a ROC curve lying in the upper part of the quadrant.

Alongside, the ROC curve, one usually computes the area under the ROC
curve (AUC) which provides a single value summary of the performance of the
classifier. Its equation is given by

AUC = /1 ROC(u) du. (1.7)
0

When the classifier is uninformative, the AUC is equal to 0.5, while for a perfect
classifier, the AUC of the corresponding ROC curve equals 1.
Non-parametric, semi-parametric and parametric methods have been pro-
posed to estimate the ROC curve. Let (D;, M;), i =1,...,n, be i.i.d copies of
(D, M). The simplest approach consists in estimating the sensitivity and the
specificity by their empirical distribution functions given, respectively, by

. 1 o
Se(k) =1- — ZWil I(M; < k),
N o
. 1 .
Sp(k) = — > Wio I(M; < k),
0 =1

where VVM = Di, Wio =1- Wila Nl = Z?:l Wila and NO =n — Nl. The
corresponding ROC curve estimator takes the form of a step function with
jumps at each M;. When there are no ties in the data, the step function has
vertical jumps of size 1/ N, associated with subjects in the case group for whom
the classifier is equal to M;, and horizontal jumps corresponding to subjects
in the control group with classifier value equal to M;, and of which the size
is 1 /NO. Ties between subjects in the same class produce larger jumps, while
ties between cases and controls result in a ‘diagonal’ jump corresponding to
vertical and horizontal jumps at the same time.

1.4 The EM Algorithm

After the description of these statistical quantities and methods, let us move
now to the description of a tool that will be used in Chapter 2 and in Chapter 3.
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When one is interested in estimating a model by maximum likelihood based on
‘incomplete data’, that is, when the model depends on unobserved variables,
the Ezpectation-Mazimisation (EM) algorithm, proposed by Dempster et al.
(1977), is often considered, notably for mixture models. In this section, we
describe the general principle of the EM algorithm which is used to estimate
some modelling of the mixture cure model (1.5).

Let us consider that we have a vector of observed variables X coming from
a model parametrised by a vector of unknown parameters 6 with likelihood
function £(0;X). Let us further assume that there exists another vector of
variables Z which is only partially observed (also referred to as the latent vari-
ables) through X, and that the likelihood function for the complete-data, that
is for (X, Z), is given by L.(0;X,Z). Note that, since the vector Z is only par-
tially observed, we talk about incomplete data and the complete-data likelihood
L.(0;X,Z) is not available.

Suppose now that one is interested in estimating 8 by maximum likeli-
hood. In some situations, finding the maximum likelihood estimator 0 =
arg maxg log £(0; X) from log £(#;X) is a complex problem which can be sim-
plified by considering the complete-data likelihood. That is what the EM al-
gorithm proposes. Since L£.(0;X,Z) is not available, the principle of the EM
algorithm consists in, first, ‘estimating’ the complete-data likelihood from X
by computing the expectation of log £.(6;X,Z), given the observed data X
and the value of the parameters 8, and, second, to use the ‘estimated’ log-
complete-data likelihood function to estimate 8. However, since 0 is required
to ‘estimate’ log £.(0; X, Z), an iterative procedure is necessary. The EM algo-
rithm then alternates iteratively between two steps, an Expectation or E-step
and a Maximisation or M-step. At the m!" iteration of the algorithm, these
two steps are as follows:

E-step : computation of the expectation of the logarithm of the complete
data likelihood, given the observed data and the current value of the
parameters, with respect to the latent variable, that is,

Q (9|0<m*1>) = By {1og L.(6;X,Z)|X, 0“’“”} :

where 8™~ denotes the current parameter values obtained at the (m—
1)t iteration.

M-step : maximisation of @ (0\0(’”_1)) with respect to 8. An estimator
for @ is then given by

0™ = arg meaxQ (9|0(m71)> .
The algorithm alternates between the two steps until convergence.

1.5 Outline of the Thesis

The objective of this thesis is to investigate different aspects of cure models
by focusing on the three following directions. Each of them constitutes a pa-
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per that has been published, has been accepted for publication, or has been
submitted for publication in an international journal.

Chapter 2. Cure Models in Survival Analysis: a Literature Review
First, both the mixture cure model and the promotion time cure model have
been the topic of much research. For the mixture cure model, several model
assumptions have been proposed leading to parametric, semiparametric, and
nonparametric families of mixture cure models. Moreover, many different esti-
mation methods have been developed, and other topics, such as the important
issue of identifiability and the question of the verification of the model have
also been investigated. On the side of the promotion time cure model, less has
been done, but the literature proposes both Bayesian and frequentist estima-
tion frameworks, contrarily to the mixture cure model which is mainly studied
in the frequentist setting. Furthermore, measurement errors have only been
studied for promotion time cure models. More recently, a literature on models
that unify the mixture cure model and the promotion time cure model into one
single over-arching model, avoiding hence the delicate task of choosing between
these two models, has flourished. The first contribution of this thesis consists
then in providing a state of the art on cure models, reviewing all the points
mentioned above and providing a formal and a numerical comparison of the
two models through an application on real data. This work has been published
in the paper Amico & Van Keilegom (2018b).

Chapter 3. The Single-Index/Cox Mixture Cure Model

The second contribution of this thesis focuses on the mixture cure model and
more precisely on the probability of being uncured. Often, this quantity is
modelled parametrically, assuming a logistic regression model. However, there
is no reason to strictly constrain and limit the uncure proportion to a logistic
form. Our aim is then to propose a more flexible modelling approach for the
uncure proportion, by assuming a single-index structure, that is, a generalised
linear model in which the link function is left unspecified, and by considering a
Cox proportional hazards model for the conditional survival function of uncured
subjects. This chapter is based on Amico et al. (2018).

Chapter 4. Assessing Cure Status Prediction from Survival Data
Using ROC Curves

Third, beside modelling and model selection, an important topic of statisti-
cal analysis is the question of model assessment, that is, the evaluation of the
predictions that can be made from a given model. For cure models, predic-
tions can be performed for two outcomes, the survival at a given time and the
cure status, both of them being binary. Often, when one wants to assess the
binary classification performance of a continuous classifier, the Receiver Oper-
ating Characteristic (ROC) curve is considered. However, while standard ROC
curves suppose that the classes of the outcome are fully observed, building a
ROC curve from cure survival data is a non trivial problem since survival data
are subject to censoring and hence, the cure status is unobserved. This last
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contribution concerns therefore the development of ROC curves to evaluate the
performance of cure status prediction that can be made from survival data in
the presence of a cure fraction. The content of this chapter is based on Amico
& Van Keilegom (20184q).

Finally, to close this thesis, Chapter 5 provides some general conclusions
and the presentation of some further research.
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Chapter 2

Cure Models in Survival
Analysis: a Literature
Review

As introduced in Chapter 1, there exists two broad classes of cure models, the
mixture cure models and the promotion time cure models. Beside these two
approaches, there also exist some other works which have developed broader
classes of cure models, embedding both the mixture cure model and the pro-
motion time. Many different contributions have been made to the literature
on that topic and there was a need to make an inventory of the existing works.
A first contribution of this thesis is then to make a detailed review of this
literature. This second chapter first starts in Section 2.1 with a presentation
of topics related to the mixture cure model, and continues in Section 2.2 with
the aspect related to the promotion time cure model. Section 2.3 closes this
chapter with a discussion about the difference and the relationship between the
mixture cure model and the promotion time cure model, and describes unifying
models.

Throughout this chapter, models and methods that have been proposed in
the literature on cure models are illustrated on a dataset on breast cancer com-
ing from Wang et al. (2005). The dataset consists in time to distant metastasis
expressed in days, for 286 patients that experienced a lymph-node-negative
breast cancer between 1980 and 1995. Four covariates are considered: the age
of the patient (ranging from 26 to 83 with a median of 52 years old), the es-
trogen receptor (ER) status (0 = ER—: less than 10 fmol per mg protein - 77
patients, 1 = ER+: at least 10 fmol per mg protein - 209 patients), the size
of the tumour (ranging from 1 to 4 with a median of 1), and the menopausal
status (0 = premenopausal - 129 patients, 1 = postmenopausal - 157 patients).
Figure 2.1 shows a graphical representation of the Kaplan-Meier estimator of
the survival function. As can be seen, the curve levels-off at a value greater
than 0, at around 60%, and there is a large plateau of approximately 2 770
days, a strong sign of the presence of a cure fraction. Moreover, among the

19
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Figure 2.1: Kaplan-Meier estimator for the data from Wang et al. (2005) (+ :
censored observations)

286 patients, 179 are censored, among which 88.3% are censored after the last
observed event time. Hence, a lot of the censoring times are located in the
plateau indicating that a cure model can be considered. Finally, there is a
strong medical evidence for the presence of cured patients in breast cancer
relapse at early stage. It turns out that this dataset is a perfect example of
survival data with a cure fraction.

Before starting, we have to mention that many other topics have been in-
vestigated in the framework of cure models. Among others, we can mention
the introduction of frailties, competing risks, quantile regression, or different
types of censoring such as interval-censoring for example. However, in order to
give the reader a better understanding of the basis of cure models, we will focus
on a detailed description of the two main classes of cure models and unifying
approaches in the classical random right censoring setting.

Let us finish this introduction by briefly mentioning some other works on
cure models. The textbook by Maller & Zhou (1996), which is completely
devoted to the topic of cure models, gives a nice introduction to many of the
specific aspects of cure models. Recently, Peng & Taylor (2014) wrote a review
paper on cure models, in which they give a detailed overview of the existing
cure models.

This chapter is based on

Amico, M. and Van Keilegom, I. (2018b). Cure models in sur-
vival analysis, Annual Review of Statistics and its Application, 5,
311-342.
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2.1 Mixture Cure Models

We start in Section 2.1.1 with the most fundamental issue related to the def-
inition of a model: its identifiability. Although this is often neglected in the
statistical literature, it should be the first task when studying a new model.
In Section 2.1.2, we examine several models for the components of the mixture
cure model, we see how they can be estimated, how the estimators can be com-
puted in practice, and how they behave asymptotically. Section 2.1.3 describes
different issues related to the verification of the model, such as goodness-of-fit
tests, variable selection, and model diagnostics. Finally, in Section 2.1.4 we ap-
ply the most common mixture cure model to the breast cancer data introduced
in the introduction of this chapter.

2.1.1 Identifiability

We have already mentioned the issue of identifiability of the model in a very
informal way in the Chapter 1 (see Section 1.2). Indeed, we said that in order
to identify (in a non formal way) the cure proportion, the ‘plateau’ in the plot
of the survival function for the whole population should only consist of cured
subjects. When the plateau stays constant for a long time without decreasing
even incrementally, we can be relatively confident that all uncured subjects
had their event before the start of the plateau, and hence the cure fraction
corresponds to the height of the plateau. This informal analysis can be made
more rigorous by saying that

TR, <TG (2.1)

(we omit covariates here for simplicity), where F, = 1— 5, G is the censoring
distribution, and 7p = inf{¢ : F(t) = 1} for any distribution F' . This assump-
tion will be crucial in most semi- and nonparametric papers on modelling of
mixture cure models.

When we talk about the identifiability of a model, we should distinguish
two common but different definitions of identifiability. The first definition (the
weakest of the two) states that the mixture cure model (1.5) is identifiable
within families P and S of functions corresponding to the incidence and the
latency respectively, if the equality

1—pi(x)+p1(x)Su1(t|z) = 1 —pa(x) + p2(x)Sua(t|z), forall t,x, z, (2.2)

for some functions p;,ps € P and Sy1, Su2 € S, implies that p;(x) = pa(x) for
all z, and that S, (¢|z) = Su2(t|2) for all t and z. This was studied in full detail
and in a rigorous way by Hanin & Huang (2014), who consider several choices
of the classes P and S under which the mixture cure model (1.5) is or is not
identifiable. The paper by Hanin & Huang (2014) is an important improvement
over earlier attempts to study the identifiability of the mixture cure model, in
the sense that earlier papers contained mistakes in the proofs or did not study
the problem in full generality. Note that this first definition of identifiability
does not depend on the censoring mechanism, and hence condition (2.1) does
not play any role here.
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A second type of identifiability is related to the uniqueness of the parameters
of the model in another sense — namely, in the sense that there is a unique set
of parameters for which the expected log-likelihood is maximal. So, instead of
equating two models, which are unrelated to the type of data at hand, we look
at the likelihood, which is based on the density of the observed variables (that
are subject to random right censoring in our case) under the given model. The
conditions under which there exists a unique p € P that maximises the expected
log likelihood when P is a parametric class of probability functions coming,
for example, from a logistic model, have been rigorously studied in Patilea &
Van Keilegom (2018) (see Proposition 3.1), while Xu & Peng (2014) studied
the case where P is nonparametric. In both papers, assumption (2.1) turns out
to be a crucial assumption to ensure identifiability of the model (although the
condition (7) of Xu & Peng (2014) could be relaxed to 7r, (2) < 7¢(2z) for all
z).

We are now ready to study different models for the incidence p(:) and for
the latency S,(+]-), and their corresponding estimation procedures.

2.1.2 Modelling Approaches and Inference

The literature on mixture cure models offers a wide variety of modelling ap-
proaches ranging from fully parametric to completely nonparametric models.
In what follows, we assume that we have i.i.d. data (Y;, A;, X;,Z;),i=1,...,n,
having the same distribution as (Y, A, X, Z), dim(X) = p, dim(Z) = ¢, and for
given values of X and Z, the event time T follows the mixture cure model (1.5).
Let Y1) < ... <Y(;,) be the order statistics of the observations Y1,...,Y,,, and
let Y(j) <... < Y(’;) be the distinct ordered uncensored observations, assuming
there are r < n in total.

Fully Parametric Models

The pioneer works on the mixture cure models are fully parametric approaches
due to Boag (1949) and Berkson & Gage (1952). In both papers, the incidence
is modelled as a constant and the survival function for uncured observations
takes the form of a log-normal model and an exponential model, respectively,
not depending on covariates.

Introduction of covariates in the incidence are due to Farewell (1977) which
assume a logistic regression model for the probability of being uncured, that is,

_exp(y + ')
p(w> - + 9
1+ exp(yo +~'z)

where g is an intercept term, and models the latency according to an expo-
nential distribution, that is,

Su(t) = exp(—At).

The introduction of covariates in the latency was proposed by Farewell
(1982) who considered a Weibull model for the conditional survival function of
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the form
Su(t|z) = exp {—X exp(8'z) t’},

where A > 0 is a shape parameter and p > 0 is a scale parameter. Another
proposal came from Ghitany et al. (1994) who modelled the effect of covariates
on the latency with an exponential model.

For all of these models, a maximum likelihood estimation method is pro-
posed based on the likelihood function

n

[ (p(Xo) fu(YilZa) Y2 {1 = p(X0) + p(X0)Su(YilZe) T, (23)
=1

where f,(t|z) = —(d/dt)S,(t|z). As already mentioned in Chapter 1, the
likelihood function is derived as for classical survival models and makes no
distinction between cured and uncured censored observations since the cure
status is unknown. Uncensored observations contribute through the density
function, which is equal to f(t|x, z) = p(x) f.(t|z), and censored observations
contribute through the survival function given by the mixture cure model (1.5).
To estimate the logistic/Weibull mixture cure model, Farewell (1982) proposed
to maximise this likelihood function numerically using the Newton-Raphson
technique.

Other parametric mixture cure models include an AFT model for the la-
tency. Yamaguchi (1992) considered the extended family of generalized gamma
models (Prentice (1974)) for log(T*) = Bo + B'Z + o¢, where T* is the sur-
vival time for uncured observations, By is an intercept term, o > 0 is a scale
parameter, and € is an error term with density function

£(t) = Fh AN 2 exp(Aet — M), i A £ 0
ell) = W exp(—t2/2) if A\ = 0,

where I'(z) = [;° 2*"'e~"du is the gamma function, and A. is a shape parame-
ter. Peng et al. (1998) proposed considering a generalized F' distribution for 7%,
given that T™ is said to have a generalised F' distribution with location parame-
ter u, scale parameter o and shape parameters s; and s, if W = [log(T*)—p] /o
is the logarithm of a random variable having a F' distribution with 2s; and 2s5
degrees of freedom. The density function of W is given by

w\ 51 w\ —(s1+s2)
For(w) = <31"’ > (1+‘916 > Bl(s1,82) ",

82

where B(-,) is the beta function. In both cases, the choice of these distribu-
tions are motivated by their flexibility and because they embed the exponen-
tial, the Weibull (when s; — 1 and sy — 00, we obtain the model proposed by
Farewell (1982)), the log-normal and the gamma distributions as special cases
among others. For the incidence, both models assume a logistic regression
model as Farewell (1982). Yamaguchi (1992) and Peng et al. (1998) devel-
oped a maximum likelihood approach based on the likelihood function (2.3) for
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the two proposals in order to estimate these two models. First, the Newton-
Raphson algorithm is used to maximise the likelihood function with respect
to (70,7, B0,8,0)t. In a second step, a search for the value of the shape pa-
rameter(s) that maximise the likelihood is made (A, for the extended family of
generalized gamma models, s; and sq for the generalized F model).

Logistic/Cox (LC) Mixture Cure Models

Semi-parametric mixture cure models are a second class of mixture cure models
that have been extensively studied in the literature. The main motivation is
that they avoid the restrictions imposed by parametric conditional survival
functions. Most of them focus on the latency while they keep the logistic
regression form for the incidence. A first group of models is composed of
mixture cure models assuming a Cox PH model for the conditional survival
function, that is,

Su(t|z) = So(t)=PP'=),

where the unspecified baseline survival function is given by Sy(t) = P(T >
t|Z = 0, B = 1). Note that, while the conditional hazard function A, (t|z) =
Xo(t) exp(B'z), where \o(t) = fo(t)/So(t) is the baseline hazard function with
fo(t) = —(d/dt)Sp(t), does satisfy the proportional hazard property, this mix-
ture cure model, which has been introduced by Kuk & Chen (1992), does not
satisfy this property, contrarily to the Cox PH model. As a consequence, the
profile likelihood approach described in Chapter 1 Section 1.1.4 which is usually
considered to obtain the partial likelihood (1.3) for the Cox PH model cannot
be applied for this model. In fact, it is not possible to isolate the baseline
survival function in the likelihood. Likewise, because the latency is defined
conditionally on the uncured status, if one considers the baseline conditional
survival function as a nuisance parameter, information about the cure status
will be lost. The literature contains several proposals to estimate the model
taking into account this situation.

A first approach, due to Kuk & Chen (1992), adapts a marginal likelihood
approach proposed by Kalbfleisch & Prentice (1973) for the classical Cox PH
model. The marginal likelihood consists of integrating the likelihood function
(2.3) over Y(’;) ,j =1,...,r. Estimators are obtained by maximising this quantity
with respect to the parameters. In practice, however, it is not possible to
compute this marginal likelihood function, and it is therefore approximated by
Monte Carlo methods.

Peng & Dear (2000) and Sy & Taylor (2000) proposed a second group of
estimation approaches based on the EM algorithm (see Section 1.4 of Chapter
1 for a general introduction to this algorithm). The choice for this methodology
is justified by the fact that the model depends on a latent variable, the cure
status. Another interesting argument lies in the fact that the EM algorithm
considers a complete-data likelihood, which, for the mixture cure model, takes
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the form

Lev.8.50) = [ (X hu(¥ilZo) 50 (vi|2)}
x H{p S, (Yi|Z)} (20

XH{lf }(1=A)A-B) (2.4)

where A\, (t|z) = fu(t|2)/Su(t|z) is the hazard function of the uncured observa-
tions. An interesting feature of (2.4) is that it can be rewritten as the product
of two elements, namely

1) =] X0 {1 = p(X)} ™ (25)
£2(8.50) = [ [ 0H120S. 012014 5.0v1200-20] | (2)

each of them only containing the parameters of one of the two parts of the
model. It is then possible to estimate separately the incidence and the la-
tency. In such a case, it becomes possible to extend methods developed for
the classical Cox PH model. In the framework of the mixture cure model, the
implementation of the EM algorithm is as follows. The E-step consists in com-
puting at the m!" iteration of the algorithm the expectation of logarithm of
the complete-data likelihood (2.4) given the current values of the parameters
6= = (40,7, 8, S0)™ 1) and the observed data O; = (Y;, As, Xy, Z;), with
respect to the latent variable B;. As the log-complete-data likelihood is linear
in B;, it is the same as computing

E (Bi|0i,9<m—1>)
— A, {1><P(BZ-:1|Y:Y;,Ai:1,X:X¢,Z:Zi,9(m_1))}
F(1-A) {1><P( =1y = Yi,Ai:O,X:X“Z:Zi,a(m*l))},

where #(™=1) denotes the set of parameter values at the (m — 1) iteration.

Given that P(B; = 1Y =Y;,A;, =1,X=X,,Z = Zho(mfl)) — 1, and that
P(Bi = 1|Y = }/i»Ai =0, X=X;,Z= Zi70(7n—1))
P(B;i=1,T > Yi|X = X;,Z = Z;,§(™1))
P(T > Y| X =X;,Z =Z;,0(m=1) )

it follows that
E (B,»|O,», 0(’"*”)

p(m—l)(Xi)Sl(Lm—l)(Yi‘Zi) _ W(m).

=AM+ (1= 4
1 — pm=1(X;) 4 ptm=1(X,;) 8™~ (V;|Z,)
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The expected log-complete-data likelihood is therefore obtained by replacing
B; by its expectation W™ in the logarithm of (2.4).

The M-step consists of maximising the expected complete-data likelihood
with respect to the parameters of the model. For the incidence, (2.5) is the same
likelihood function as for a classical logistic regression model. The Newton-
Raphson technique is applied to estimate the parameters. For the latency,
three methods can be distinguished, all of them being based on the likelihood
(2.6):

e Sy & Taylor (2000) proposed a first approach based on the profile like-
lihood method proposed by Breslow (1974) for the Cox PH model (see
Section 1.1.4 of Chapter 1). First, the baseline conditional cumulative
hazard Ag(t) = —log[So(t)] is estimated non-parametrically by

Aoty = > - .
35 <t EkeR W;ﬁ )eXP(ZZIB)

This estimator is then substituted in (2.6) and the following partial like-
lihood is obtained (assuming no ties):

n + A
ZQ(IB|W(m)) H {Z GXP(Z ﬁ) } , (27)
kER;

k exp(Zt 3)
where W = (W™ ... . W{™}. Note that when W™ =1 for all
i=1,.. (2 7)is equal to the partial likelihood for the classical Cox PH

model given by (1.3). The latency part is then estimated by maximising
(2.7) with respect to 3 using the Newton-Raphson method.

e A second proposal from Sy & Taylor (2000) is a product-limit type
method in which the baseline conditional survival function is first es-
timated non-parametrically by a step function that takes a product-limit

form:
= [ o

Y( )<t

where a; = Sp( (J))/So( (e 1)) In the absence of ties, the likelihood
function (2.6) is reparametrised in terms of a; and the EM algorithm is
applied in order to estimate a given 3. In a second step, the estimator
of « is substituted in the expected complete-data likelihood and a profile
likelihood for B is obtained. We refer to Sy & Taylor (2000) for more
details regarding the case with ties.

e A third approach has been proposed by Peng & Dear (2000), who con-
sidered a marginal likelihood. As for Kuk & Chen (1992), the marginal
likelihood function is obtained by integrating (2.6) over Yj.),j =1,..,7
In the absence of ties, the following marginal likelihood is obtained:

A
- X ztm 1
g ZkeR exp(Zt /8)
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Note that this marginal likelihood is approximately equivalent to the
partial likelihood (2.7) obtained by Sy & Taylor (2000). For the case
with ties, we refer the reader to the paper of Peng & Dear (2000).

Another type of estimation method has been proposed by Lu (2008) in order
to estimate the logistic/Cox mixture cure model. Based on a nonparametric
maximum likelihood function, the main idea is to consider a non-parametric
estimator for Ag(t), that is a step function with jumps at all the event times,
and to replace the baseline conditional hazard in (2.3) by the size of the jump
made by the cumulative baseline hazard at each event time. The likelihood
function is then given by

H X:){Ao(¥:) — Ao(Yi—)} exp(B'Z:) exp{—Ao (Vi) exp(B'Z:)}] ™

x T [1 = p(Xi) + p(Xi) exp{—Ao (Vi) exp(8'Z:)}]

i=1

A

The major contribution of Lu (2008) is to show that the estimators of ~, 3
and Ay converge weakly to a zero-mean Gaussian process. It also provides an
estimator of the asymptotic covariance function.

Finally, Corbiere et al. (2009) proposed a penalised likelihood approach that
has the advantage of producing a smooth estimator of the conditional hazard
function. The method consists in considering the penalised likelihood

log[£(. B, Mo)] — & / N ()2, (2.8)

where

¥, B, \o) H Y;) exp(B8'Z;) exp{—Ao(Yi) exp(8'Z:)}]

—A

x [T 11— p(Xs) +p(Xs) exp{—Ao(¥i) exp(8'Z)}]

k[ AG( v)2dv is the penalisation term, and x > 0 is a positive smoothing param-
eter balancmg between the fit of the data and the smoothness of the function.
The model is estimated by maximising the likelihood (2.8) with respect to -,
B and Xg. Since there is no explicit formula of the baseline conditional haz-
ard that maximises the likelihood, it is approximated by a linear combination
of cubic normalized B-splines. They also provide a method to compute the
variance of the parameter estimates based on the inverse of the matrix of the
second derivatives of the penalised likelihood.

Logistic/Semiparametric AFT Models

In addition to the popular logistic/Cox (LC) mixture cure model, other papers,
beginning with Li & Taylor (2002), focused on a semiparametric AFT model
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for the latency. They all consider that log(T*) = By + B'Z + ¢ and assume
unspecified density and survival functions f and S, respectively, for the error
term e. As for the LC mixture cure model, a logistic regression model is
assumed for the incidence. Three different estimation approaches have been
proposed, all based on the EM algorithm. Starting from the complete-data
likelihood (2.4), these methodologies are the same as for the LC mixture cure
model until the M-step for the latency estimation. For this latter part, they
extend methods that have been proposed for the classical semiparametric AFT
models. Starting from the expected complete-data likelihood associated with
the latency given by

AW

[ 17 {1oe(vi) = 8o — B'Z:}
=1

1-A)w ™

x I 5 {log(vi) — 6o — Bz} 72" (2.9)
=1

e Li & Taylor (2002) proposed to extend the work of Ritov (1990) based
on M-estimators. Starting from the score equation for 3 given by

m o Jedlog(Yi) — Bo— B'Z;}
ZZ{ ‘ fe{log( ) — Bo— B'Z:}
f{log(Y;) — Bo — B'Z;}
Sc{log (Vi) — Bo — B'Z;}

+W™M (1 - A)

the principle consists in replacing in the score equation —f!/f. by an
M-estimator and the unknown survival function S, by its Kaplan-Meier
estimator given 3. Because the obtained score equation is not necessarily
monotone and continuous, they propose estimating the parameters by
using a grid search over the range of values of 3.

e Zhang & Peng (2007) proposed to rewrite (2.9) as the likelihood function
for a classical semiparametric AFT model. Using the fact that A; =1

and Wi(m) = 1 if the i-th observation is uncensored, it turns out that
AiWi(m) = A;, and A;log Wi(m) = 0. The likelihood function can be
rewritten as

TT [ action(vs) — 0 - 823 [Sc008(v) — o - B2 ™

i=1

)

where A = f¢/S., which corresponds to the likelihood function of an
AFT model with log(T}) = ﬁo + B'Z; + €, where the hazard function
of €f is W(m))\ (er), and W( is a constant. A rank estimation method
proposed by Wei (1992) for classical semiparametric AFT models is then
used to estimate the latency. We refer to Zhang & Peng (2007) for more
details.
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e Lu (2010) proposed a profile likelihood approach. First, the hazard func-
tion in (2.9) is replaced by a piece-wise constant hazard:

JIn
)\(t) = Z)\j[{t S [xj_l,.lij)}, 0<t< M,

j=1

where the support [0, M] of exp[log(Y;) — B'Z;] is partitioned in .J, in-
tervals of equal length. The likelihood function is first maximised with
respect to Aj, 7 =1,...,Jy, given B. Then, the estimators of the \;’s are
substituted in (2.9). A profile likelihood is obtained. However, this pro-
file likelihood is not smooth, and presents local maxima. As a solution, a
kernel-smoothed approximation is proposed, and the latency is estimated
from this latter function.

Flexible Semiparametric Models

All the preceding models consider a logistic regression for the incidence. How-
ever, as mentioned by Peng (2003a) and proposed by Lam et al. (2005), other
types of link functions can be considered. If the logit link is the canonical link
function for binary response variables in the generalized linear framework, one
can also consider a probit or a complementary log-log link function, among
others. These link functions only ask for a slight modification of the likelihood
function. The EM algorithm can then be easily implemented to estimate these
models. One possible limitation, however, is the lack of flexibility of paramet-
ric models. Even if parametric incidences offer some appealing characteristics,
such as easy estimation and interpretation, one can question the quality of their
fit. In order to widen the flexibility of the incidence of the mixture cure model,
some semiparametric modelling approaches have been proposed. Wang et al.
(2012) considered a smoothing splines analysis of variance (SS ANOVA) model
for both the incidence and the latency. It consists of expressing the two parts
of the model as

P

P
log T2 = o+ 3G )+ D Gulsom) + ot oyl )

j=1 jk=1

and

q q
)\(ﬂﬁﬂ) = €xXp {770 + an(zl) + Z nlm(zh ZnL) + ...+ nl...q(zla EEE) Zq)}a

=1 I,m=1

where all functions ¢(+) and 7(-) appearing in the formulas are unspecified. The
SS ANOVA model is then estimated based on a penalised EM algorithm.

Another modelling approach has been proposed by Amico et al. (2018), who
considered a single-index structure for the probability of being uncured, of the
form

p(z) = g(v'z),

where g(-) is a totally unspecified and not necessarily monotone link func-
tion, alongside a Cox PH model for the latency. They proposed an estimation
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method based on the EM algorithm, close to the proposal of Sy & Taylor (2000),
but with an additional substep in the M-step added to estimate the unknown
link function in the single-index. They considered kernel estimator and proved
the identifiability of the model. This model is a part of this thesis and will be
fully described in Chapter 3.

In the above papers, the authors tried to relax the common LC mixture cure
model by replacing the logistic model by a more flexible model. Another way
to make the latter model more flexible is by replacing the Cox PH model by a
nonparametric model. This was proposed by Taylor (1995), who considered a
fully nonparametric model for the latency that does not depend on any of the
covariates, and a logistic regression model for the incidence. He developed an
estimation method based on the EM algorithm where the latency is estimated
from (2.6) by a Kaplan-Meier-type estimator.

Another paper that considers a nonparametric model for the latency is
Patilea & Van Keilegom (2018), but contrary to Taylor (1995), they allow the
latency to depend on covariates, and they assume a parametric model for the
incidence. So, no assumptions are made on the conditional survival function
Su(+|z) of the uncured subjects, except for smoothness and identifiability as-
sumptions. They use a two-step procedure to estimate their model: in the
first step, they fix the parameter vector coming from the incidence, and they
estimate the survival function S,(-|z) by means of a kernel approach. In the
second step, they plug in this estimated function in the likelihood, which they
maximise with respect to the parameters of the incidence. Patilea & Van Keile-
gom (2018) showed the weak consistency and the asymptotic normality of their
model parameters, and they compared their estimated model with the logis-
tic/Cox mixture cure model through finite sample simulations, which allowed
them to study the sensitivity of the latter model with respect to the validity of
the PH assumption.

Another approach is that of Lu & Ying (2004), who assume a semiparamet-
ric linear transformation model for the latency of the form

H(T") = ~B'Z +c.

where H is an unknown monotone increasing function. Depending on the
distribution of €, different models will be obtained, and two particular cases are
mentioned. When an extreme value distribution is assumed, a Cox PH model
is obtained. In contrast, if € follows a standard logistic distribution, the latency
follows a proportional odds model. Lu & Ying (2004) proposed an estimation
method based on counting processes and martingale theory. They derived
estimating equations in order to estimate H, B, and «, and they presented an
iterative approach to solve them. The main objective of the paper is to derive
the asymptotic normality of the proposed estimator and to obtain consistent
variance estimates.

Nonparametric Models

In all the preceding models, at least one part of each of them is modelled semi-
or parametrically. A last possibility is to assume a fully nonparametric mixture
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cure model. The main contribution on this topic comes from Lépez-Cheda et al.
(2017) who considered a nonparametric model for both the incidence and the
latency, including covariates. They proposed estimating the two parts of the
model based on the Beran (1981) estimator and proceeded as follows. For the
incidence, they considered the cure rate estimator developed by Xu & Peng

(2014):
s =TT LuBn (@)
1 — pn(x) jl:[l{l ZZ_]-Bh(m(m)}’ (2.10)

where By (z) = K{(x — X;)/h}/ > ;-1 K{(x — X¢))/h} are Nadaraya-
Watson weights, h is a bandwidth, K is a kernel function, and X ;) and A;
are the values of the covariate and of the censoring indicator corresponding
to the j-th order statistic Y% (assuming no ties). The intuition behind this
estimator is that the cure proportion corresponds to the value at which the
survival function levels-off, or equivalently, to the value of the survival function
for the last uncensored event time.

For the latency, the idea is to rewrite model (1.5) assuming that X = Z,
which gives Sy (t|x) = [Spop(t|z) — {1 — p(z)}]/p(x), and to use the following
estimator:

S’u,b(ﬂl‘) — Spop,b(ﬂxiallx()l — po(2))

)

where Spop 5 (|) is the Beran (1981) estimator of the survival function Sy, (|a)
given by [[;.y,, <i[1 = {A¢) B (z)/ Yo Byay(2)}], and where By (z) are
Nadaraya-Watson weights, with b a bandwidth not necessarily equal to h.
Lépez-Cheda et al. (2017) developed the asymptotic theory, as well as a band-
width selection method based on bootstrap.

The Zero-Tail Constraint and Baseline Conditional Survival Function
Tail Estimation

Before ending this section on models and estimation methods for the mixture
cure model, one issue still needs to be discussed. When the latency is modelled
non- or semiparametrically, little information is available to distinguish cured
from uncured individuals among censored subjects. Even if we suppose that
S.(t) = 0 when t — oo, the tail of the conditional survival function S, (|z)
may be hard to estimate and we often observe that S, (¢|z) > 0 when ¢ > Yy
implying identifiability issues. To solve this problem, Taylor (1995) proposes
to consider Y(’;) as a ‘cure threshold’ 7, and to force Su(t|z) to be equal to zero

beyond 7 by setting, in the M-step of the EM algorithm, Wi(m) equal to 0 when
an observation 4 is such that A; = 0 and Y; > 7. This proposal is equivalent
to considering that such an observation i is cured. To understand the intuition
behind this proposal, we have to recall some elements introduced previously.
When cured observations are present in survival data, limy_,oc Spop(t|, 2) > 0.
In practice, this assumption translates into a Kaplan-Meier estimator of the
survival function with a large plateau, and levelling off to a value greater than
0 for t > Y(’;) It corresponds to a situation where a certain number of censored
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individuals have a follow-up time greater than the last uncensored event time
Y . If the follow-up is sufficiently long and if the number of observations in
the plateau is sufficiently large, it reasonably makes sense to consider these
censored individuals as cured, which is what Taylor (1995) proposes. Also
known as the zero-tail constraint, this constraint has also been applied by Sy
& Taylor (2000), Peng & Dear (2000) and Li & Taylor (2002), among others.
However, this constraint may overestimate the number of cured observations.
This motivated Peng (2003b) to propose another approach which consists of
parametrically estimating the tail of the conditional baseline survival function
in a logistic/Cox mixture cure model, similarly to what Moeschberger & Klein
(1985) did for the classical Kaplan-Meier estimator. He proposed to consider
an exponential or a Weibull model for the baseline survival function Sy (¢) when
t > Y(’; . Using simulations, he showed that the proposed method reduces bias
well compared with the zero-tail constraint.

2.1.3 Assessment of the Model

The literature on mixture cure models is quite extensive, not only regarding
model definition and inference, but also about the verification of the model
where many different aspects have been investigated. In this section, we detail
these aspects, ranging from testing for crucial hypotheses such as the presence
of a sufficient follow-up or the presence of a cure fraction, to variable selection.

Testing for Sufficient Follow-Up

As mentioned previously, a sufficient follow-up is an important element in order
to consider a cure model. Heuristically, it consists of looking at the plateau of
the Kaplan-Meier estimator and insuring that it is long enough. To evaluate
this formally, Maller & Zhou (1996) developed a test which consists of testing
the null hypothesis Hy : 7p, > 7g against the alternative hypothesis H; :
Tr, < Tc. Note that H; is exactly the identification condition (2.1), of that we
argued is a crucial assumption in most semi- and nonparametric cure models.
Intuitively, the main idea of the test is as follows : first note that one can
test Hp by looking at the difference between the largest observation Y{,) and
the largest uncensored observation Y;,. Indeed, if Y(,) — Y(’;) is large, the
largest censoring time occurs well after the largest uncensored survival time,
which is an indication that the follow-up is sufficiently long or that 7r, < 7¢. In
contrast, if 7, > 7¢, then Y, fY(j) will be close to zero. Based on a heuristic
and informal reasoning, Maller & Zhou (1996) then used this information to
propose the following test statistic:

dn =

Ny,
n K

where N,, represents the number of uncensored observations in the interval
[2Y(’;) — Y, Y(’;)] The decision rule is then as follows: Hj is rejected if ¢, ex-
ceeds a certain critical value, and the follow-up will be considered as sufficiently
long in that case. Since the distribution of ¢, is not known, Maller & Zhou
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(1996) simulate the critical values when T follows an exponential distribution
with mean 1 and C follows a uniform distribution on [0, b], and they tabulated
the critical values for several values of n, b and the cure rate 1 — p. Although
it is unlikely that Hy can be tested in a general setting, the proposed solution
to find the critical value is very restrictive, since it only holds for very specific
parametric distributions.

Testing for the Presence of a Cure Fraction

Having a sufficient follow-up is a necessary condition to consider a cure model.
However, it does not necessarily imply the presence of a cure fraction. To eval-
uate whether there exists a cure fraction or not, some authors have developed
statistical tests. Zhao et al. (2009) proposed a score test in the setting of a
logistic/Cox mixture cure model for the hypothesis Hy : p = 1 or equivalently
Hy : ¢ = 0 against Hy : ¢ > 0, where ¢ = (1 — p)/p and 0 < ¢ < co. They
assumed that p does not depend on any of the covariates. The test statistic is
given by R . A
5u(8) = U (AU (B)
where U(B3) is the score vector of the logistic/Cox mixture cure model evalu-
ated at (83, p) = (B, 0), with B the estimator of the regression coefficients, and
I’ the Fisher information matrix evaluated at 3 and @ = 0. Note that under
Hy, the model reduces to a classical Cox survival model (1.2), and hence it is
not necessary to estimate a mixture cure model to perform the test. Asymp-
totically, Sn(,@) converges under Hy to a mixture of a x2 and a x3 distribution
with equal probability. It is important to mention that the test is based on a
parametric model for the conditional baseline hazard function in the latency.
Hsu et al. (2016) also developed a test for the presence of a cure fraction,
but they allow the cure fraction to depend on the covariates. Based on the
model
exp(a) exp(y'z)
p(x) =5 n
+ exp(a) exp(y'x)

or equivalently p(z) = [1+exp(—a)exp(—v'x)]~!, where « is an intercept and
~ is a vector of slopes, the test is looking for infinite values of the intercept
by testing whether Hy : ¥* = 0 for all v vs. Hjy : ¢* > 0 for some ~, where
1 = exp(—a), and ¥* is the true value of ¥. Note that this is equivalent to
testing Hy : p(x) = 1 for all © vs. H; : p(x) < 1 for some x. They derive a
sup-score test statistic given by

T = sup Sn(7),
~YEB

where B is the ensemble of values that « can take, and S, () is a certain score
test statistic obtained under Hy. Hsu et al. (2016) showed that under the null
hypothesis and for fixed ~, the score S, () converges in distribution to the
mixture (x§ + x7)/2. However, the asymptotic distribution of sup.,cp Sy (7) is
more complicated to obtain, and they propose a simple resampling technique to
approximate this distribution under the null hypothesis. Note that if B = {0},
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the test reduces to a test for a constant cure fraction. The test is derived
assuming a logistic regression model for the incidence. However, the method-
ology can be implemented for any increasing, differentiable, and invertible link
function. There are two main limitations: it assumes continuous covariates and
it considers a parametric form for the baseline conditional hazard (a Weibull
or a log-logistic model).

Model Diagnostics

Beside testing for sufficient follow-up and for the presence of a cure fraction,
the literature on the mixture cure model also deals with model diagnostics.
This topic has been first investigated by Wileyto et al. (2013) who proposed
to derive Schoenfeld residuals for parametric mixture cure models. Schoenfeld
residuals are used to evaluate the departure from the proportional hazards
assumption in a classical survival analysis context, and they are used here to
evaluate the fit of the model. Indeed, Wileyto et al. (2013) proposed replacing
the weight exp(3°z) in the expected values of covariates by the hazard function
of the entire population Apep(tlx, z). Since Apop(t|z, z) does not verify the
proportional hazards assumption, these Schoenfeld residuals can not be used
to check for this property.

In order to complete the toolbox, other diagnosis tools were considered by
Peng & Taylor (2017) who developed a series of residual-based model diagnostic
tools for the overall mixture cure model and for the latency, including three
types of model checking:

e To check for the functional form of covariates and to diagnose the presence
of outliers, they developed martingale residuals for the overall model and
modified martingale residuals for the latency.

e To evaluate the fit of the model, they developed Cox-Snell and modified
Cox-Snell residuals for the overall model and for the latency, respectively.
The Cox-Snell residuals for the mixture cure model are sampled from a
mixture type distribution whereas a unit exponential distribution is used
in the classical case. As explained by Peng & Taylor (2017), a unit
exponential distribution can still be used in practice, and this has no
impact on the analysis. Regarding the modified Cox-Snell residuals, a
Cramér-von Mises criterion is proposed to measure the distance between
the estimated distribution and the unit exponential distribution.

e To evaluate the departure from the proportional hazards assumption for
the latency, they proposed a score process from which they developed a
Kolmogorov-type supremum test.

All these diagnostic tools can be used for mixture cure models with paramet-
ric and semiparametric latency, but some drawbacks have to be mentioned.
First, the martingale residuals for the overall model are bounded from below,
contrary to what happens in classical survival analysis, which may limit their
application. They are also insensitive to the covariate effects in the incidence.
Second, the Cox-Snell residuals have some difficulty to detect a misspecification
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in the incidence modelling, whereas they perform well for the latency. Finally,
for detection of outliers, Peng & Taylor (2017) also mentioned that the modi-
fied martingale residuals are preferred to the martingale residuals because they
are not bounded from below. However they are not efficient at detecting out-
liers that are too large. As an alternative, they proposed to consider deviance
residuals.

Testing for the Form of the Incidence

The Cox-Snell and the martingale residuals proposed by Peng & Taylor (2017)
have some difficulties evaluating the fit of the incidence. However, another
proposal has been made for this purpose. Miiller & Van Keilegom (2018)
developed a test for the parametric form of the incidence. Their test includes
as special cases the case of a logistic model and the case where the cure rate
does not depend on any covariates. The test statistic is a weighted Ls-distance
between a nonparametric kernel estimator of the cure rate (obtained from Xu &
Peng (2014) and given by equation 2.10) and a parametric estimator obtained
under the null hypothesis. Although they proved the limiting distribution of
their test statistic, they used a bootstrap procedure to calibrate the test, since
the limiting distribution is only a reasonable approximation of the distribution
of the test statistic for very large samples. The test can be used as a preliminary
step before deciding to go for example for a single-index model (see Amico et al.
(2018) and Chapter 3) or a completely nonparametric model (see Xu & Peng
(2014)) for the incidence.

Variable Selection

Finally, some papers focused on the selection of relevant covariates. Liu et al.
(2012) first developed a variable selection methodology for both parts of the
logistic/Cox mixture cure model based on a penalised likelihood approach. Be-
cause of the interesting feature of the complete-data likelihood for such model,
they proposed a penalised EM algorithm where two penalty terms are consid-
ered, one for v, and one for 3, which is equivalent to maximising a penalised
logistic model and a penalized Cox model separately. They proposed to use
Smoothly Clipped Absolute Deviate (SCAD) penalties developed by Fan & Li
(2001). Note that this approach is only possible because a logistic/Cox mixture
cure model is assumed and because the EM algorithm is considered to estimate
the model. However, when a parametric form is assumed for the latency, the
Liu et al. (2012) approach is not natural because the complete-data likelihood
is not used. For mixture cure models with a parametric latency, Scolas et al.
(2016) proposed a method based on a penalised likelihood in the context of
interval-censored cure data. Adaptive LASSO penalties are assumed, one for
each part of the model, and the penalised likelihood is derived from (2.3).

Dirick et al. (2015) developed an AIC to select the covariates in the incidence
and in the latency. They proposed to construct the criterion for a logistic/Cox
mixture cure model from the complete-data likelihood used in the EM algo-
rithm. Two different approaches are considered to compute the expectation of
the complete-data likelihood.
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Finally, a third approach to do variable selection in a logistic/Cox mixture
cure model has been proposed by Claeskens & Van Keilegom (2018). They
considered a procedure based on the focused information criterion (FIC). This
criterion selects the variables in the model in such a way that the resulting
estimated model is the best possible model with respect to the estimation of
a certain focus parameter. Here, ‘best possible model’ should be understood
in the sense that the mean squared error of the estimated focus parameter
is the smallest among all candidate models. The focus parameter can be any
parameter depending on the latency and/or the incidence, for example, the cure
rate, the regression parameters, the conditional or unconditional survival or
hazard function, etc. Claeskens & Van Keilegom (2018) developed asymptotic
theory for their proposed procedure, and they showed via simulations how the
method works in practice.

2.1.4 Data Analysis

To illustrate the practical use of the mixture cure model, we estimate a LC mix-
ture cure model based on the Wang et al. (2005) dataset, assuming a Breslow-
type estimator for the conditional survival function as proposed by Sy & Taylor
(2000), and including all covariates in both parts of the model. The model is
fitted with the R-package smcure from Cai et al. (2012).

Table 2.1: Parameter estimates from the mizture cure model together with their
corresponding standard errors and p-values.

Incidence  Estimate Std.Err.  Z value  p-value

(Intercept) 1.1110 0.8850  1.2555 0.2093

Age -0.0382 0.0173 -2.2112 0.0270

ER status [ER+ vs. ER-| 0.1824 0.2704  0.6746 0.4999
Tumour size -0.0784 0.2054 -0.3814 0.7029

Menopausal [post vs. pre] 0.7721 0.4445 1.7371 0.0824

Latency Estimate Std.Error Z value  p-value
Age -0.0127 0.0179  -0.7059 0.4802

ER status [ER+ vs. ER-| -1.0365 0.2317 -4.4739  <0.0001
Tumour size 0.5203 0.2184 2.3820 0.0172
Menopausal [post vs. pre] 0.0778 0.3970 0.1960 0.8446

As can be seen from Table 2.1, two different groups of estimates are ob-
tained, one for each part of the model. The table also shows the p-values for the
Wald test of the parameters computed by bootstrap based on 250 bootstrap re-
samples. If we first focus on the incidence, age and the menopausal status have
a significant impact on the probability of being uncured at a .05 and .10 level
of significance respectively. To interpret these effects, we proceed as for a clas-
sical logistic regression model: exp(—0.0382) = 0.9625, and 1/0.9625 = 1.0390,
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meaning that an additional year of age (at diagnosis) increases the odds of be-
ing cured by 4%. Regarding the menopausal status, the odds of being uncured
for a post-menopausal woman is exp(0.7721) = 2.1643 times higher than for
a pre-menopausal woman. For the latency, the estrogen receptor status and
the tumour size have significant effects on the time to distant metastasis for
uncured patients at a .05 level of significance. A Cox PH model is assumed
for this part. The interpretation of the effect of the estrogen receptor status
for example is as follows: among patients who experience metastasis, the haz-
ard for ER+ patients is 1/ exp(—1.0365) = 2.82 times smaller than the hazard
for ER— patients. For the tumour size, the table shows that patients with a
bigger tumour have a larger instantaneous risk than patients with a smaller
tumour. As can be seen, covariates have different effects in the two parts of
the model. This situation is representative of an interesting feature of mixture
cure models. It is possible to distinguish long-term and short-term effects of
covariates, a feature that is not present in classical survival analysis. Indeed,
the incidence models the long-term effect of covariates on the cure status which
is something permanent, whereas the latency focuses on the short-term effect
that only concerns uncured observations. More details about this point can be
found in Sy & Taylor (2000).

2.2 Promotion Time Cure Models

The promotion time cure model is the second main class of cure models. In
this section, we will first give in Section 2.2.1 some details about the definition
of the model and its interpretation. In Section 2.2.2; we will detail the different
modelling approaches that have been proposed and present the corresponding
estimation methods both in frequentist and Bayesian settings. Measurement
errors is an important issue in medical studies and so also in the context of cure
data. In Section 2.2.3, we will present some works that have been done on this
topic. Finally, we will end this section with an application of the promotion
time cure model to the breast cancer data used previously for the mixture cure
model.

2.2.1 Model Justification and its Interpretation

The promotion time cure model defined in Chapter 1 offers a different ap-
proach to model survival data with a cure fraction. As a recall, the mathemat-
ical definition of this model comes from the assessment that, in the presence
of a cure fraction, the cumulative hazard is bounded from above such that
limy 00 Apop(t) = 6 < o0, with 8 > 0. To take into account for such feature,
the cumulative hazard function can be written such as App(t) = 0F(t), where
F(t) is a (proper) distribution function such that lim;_, ., F'(t) = 1. It follows
that the survival function is given by

Spop(t) = exp{—0F(t)}. (2.11)

An interesting feature of this model is its biological interpretation. Indeed,
in the particular context of cancer, the mathematical form described previously
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can also be obtained by assuming that the survival time is the result of a latent
process generating cancer tumour(s). Originally proposed by Yakovlev et al.
(1993) for modelling tumour latency, it has been introduced for the promotion
time cure model by Chen et al. (1999). The main idea is to assume that after
a first treatment for cancer, a number N > 0 of carcinogenic cells can stay
active in the organism of an individual, and that it will take a certain (latent)
time T}, for each cell k = 1, ..., N, to become an active tumour. For individuals
for whom N > 1, that is, for uncured observations, the survival time T is
defined as min{Ty,k = 1,..., N}. For cured individuals, no carcinogenic cells
are still active, that is, N = 0, inducing that T = oo. By assuming that N
follows a Poisson distribution with parameter 6 > 0, that the Ty are i.i.d. with
distribution function F(-) and that they are independent of N, we can derive
the survival function for T in the following way:

P(T >t)=P(N=0)+P(Ty >t,...Tx >t,N > 1)

P(N=0)+> P(Ty >t,...Ty > t) x P(N = k)
k=1

ok
= exp(—0) + Z{S F exp(— )k"

= e[ L (s0)* ]

= exp{—0 +05(t)}
= exp{—0F(t)}, (2.12)

where S(t) = 1 — F(t). The survival function given in Equation (2.12) corre-
sponds to the survival function (2.11) from the promotion time cure model.

The parameter 6 represents the mean number of carcinogenic cells. In the
presence of covariates, which are mainly introduced through 6, this parameter
has a double interpretation. First, when 6 is large, the mean number of car-
cinogenic cells is large and the probability of being cured is small. Second, a
larger value for 6 is also representative of a lower survival probability because
a larger number of carcinogenic cells induces a smaller activation time. As it
can be seen, 6 contains two types of effects, on the cure probability and on the
survival which can not be separate. Such an interpretation can also be drawn
from a mathematical point of view. As proposed by Chen et al. (1999), quanti-
ties for each type of observations can be derived from the model in the manner
of the mixture cure model. For cured observations, the associated quantity
is given by lim;_,o Spop(t) = exp(—0). For uncured observations, Chen et al.
(1999) considered the biological development of the model, and they proposed
to consider the survival function for uncured observations, which corresponds
to observations with at least one carcinogenic cell, that is,

exp{—0F(t)} — exp{—0}
1 —exp{—6} '

Note that there also exists a vast literature on tumour latency modelling

P(T>tN>1)=

(2.13)
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from which the biological interpretation of the promotion time cure model is
derived. Some references can be found in Tsodikov et al. (2003).

2.2.2 Modelling Approaches and Inference
Modelling Approaches

The literature on the promotion time cure model contains two main types of
modelling approaches, depending on how the covariates are introduced.

The first group of models consists of introducing covariates only through 6
as defined in Chapter 1. Proposed by Tsodikov (1998a), the survival function
is given by (1.6) where 6(xz) = exp(yo + ¥'x). Regarding F(t), Tsodikov
(1998a) and Tsodikov (2001) proposed to let the distribution function totally
unspecified. Some other forms have been proposed, such as a Weibull or a
gamma distribution (Chen et al. (1999)), or a semiparametric version F(-|n),
for some parameter 7 introduced by Ibrahim et al. (2001).

An important characteristic of model (1.6) is its proportional hazards prop-
erty. In fact, the hazard function of the model is given by A, (t|x) = 6(x) f(t).
By considering two subjects ¢ and j, with two different vector of covariates,
x; # x;, it follows that

Apop(t|i)  0(x:)
Apop(tlz;) — 0(x;)
Hence, the ratio of the hazard functions is constant over the time.

As in the case of the mixture cure model, the identifiability of the promotion
time cure model is an important issue that needs attention, before we can
talk about the estimation of the model. Zeng et al. (2006) showed the strong
identifiability of model (1.6) when 6(x) = n(yo + ~'x) for a strictly increasing
function 7 like, for example, the exponential function, and when F(-) is left
unspecified. With strong identifiability we mean that there is a unique vector
~ and a unique function F'(-) that maximise the expected log-likelihood under
the model. Portier et al. (2017) improved the result of Zeng et al. (2006) by
allowing the censoring time to be finite, and by allowing the covariates to have
non-compact support.

The second group of models have been proposed by Tsodikov (2002), where
covariates are introduced both in 6 and F(-). The survival function is given by

Spop(t]®, 2) = exp{—0(x)F(t|z)} , (2.14)

and the form 6(x) = exp(yo + v'x) is usually assumed. Regarding F(t|z),
Tsodikov (2002) and Bremhorst & Lambert (2016) proposed the form F(t|z) =
1-— kS”()(t)e"lf’(ﬁ’tz)7 where Z does not contain an intercept. This model corre-
sponds to a Cox PH model. Another form has been proposed by Tsodikov
(2002), namely F(t|z) = {exp(8'2)Fy(t)}/{1 — exp(B'z)Fy(t)}, which corre-
sponds to a proportional odds model. Contrary to model (1.6), this model
does not respect the proportional hazards assumption because of the pres-
ence of covariates in F'(-). In such a case, the hazard function is given by

Apop(tlx, 2) = 0(x) f(t|z), where f(t|z) = (d/dt)F(t|z).
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Bremhorst & Lambert (2016) have proved the weak identifiability when
0(z) = exp(o +~'x) and F(t|z) = 1 — So(t)*P(B'2) . With weak identifiability
we mean that if exp [ —exp(yo1 +vi®){1— 501(t)e"p(5§z)}] = exp [ —exp(y02 +
~hx){1 — S’og(t)e"p(ﬁéz)}} for all ¢t € [0, 00] and all  and z in the support of @
and z, then necessarily v, = v,, 8; = 8, and Sp1 = Spe.

Frequentist Estimation Methods

Estimation methods for the promotion time cure model have first been devel-
oped in a frequentist setting. The likelihood function given by

n
i

T1 o< exn { - 6000} [exn { — o) p}] L (215)

i=1

is considered for the two versions of the model described previously, i.e. F()
may or may not depend on covariates, depending on the model we consider,
and with 0(x) = exp(yo + v'z).

Tsodikov (1998a) proposed a profile likelihood approach in order to estimate
the semiparametric version of model (1.6) where F(-) is totally unspecified. In
a first step, the distribution function F(-) is estimated by a Non Parametric
Maximum Likelihood Estimator (NPMLE). It consists in maximising the like-
lihood function (2.15) with respect to F(-), where F'(-) is replaced by a step
function taking values at the failure times. In order to identify the model,
he proposed to perform this maximisation under the constraint that F,. = 1,
where F, = 22:1 AFj and AF) represents the jump size of F(-) at time Y{}).
This constrained maximisation is similar to imposing the zero-tail constraint
that we described in Section 2.1.2 in the mixture cure model. He derived score
equations for the step sizes AFj, j = 1,...,7, and he developed his own max-
imisation algorithm in order to avoid instability problems encountered with the
Newton-Raphson technique when the number of parameters is very large. A
profile likelihood for ~ is obtained by substituting the NPMLE for F(-) in the
likelihood function. Alongside the estimation method, Tsodikov (1998b) has
demonstrated the asymptotic relative efficiency of the semiparametric estima-
tor of f(x) in comparison with a parametric one. Rigorous asymptotic theory
and efficiency results for the parametric component 0(x) and for the nonpara-
metric component F'(-) have been developed by Portier et al. (2017). They
also developed a weighted bootstrap procedure that allows for a consistent
approximation of the asymptotic law of the estimators.

A frequentist approach has also been proposed for model (2.14) for F(t|z) =
1—So(£)™PB2) where So(t) = 1—Fy(t) and for F(t|z) = {exp(8'z)Fo(t)}/{1—
exp(B'2)Fy(t)} by Tsodikov (2002). As for model (1.6) a profile likelihood
method is considered where the likelihood function (2.15), with Fy replaced by
a step-function, is first maximised with respect to Fy under the constraint that
Fy. = 1. A NPMLE Fj for F, is obtained, and by substituting Fy in (2.15),
a profile likelihood is obtained depending of the vectors v and B. Tsodikov
(2002) proposed two methods to solve the score equations for Fy: an alternative
approach to Newton-Raphson algorithm and a Quasi-EM algorithm approach.
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Note that the Quasi-EM algorithm requires untied data. When tied data are
present, the first proposal is preferred.

Bayesian Estimation Methods

Bayesian inference has been introduced by Chen et al. (1999). Let us denote
by F(:|n) the distribution function F' depending on some vector of parameters
7. Chen et al. (1999) focused on the parametric version of model (1.6) where a
Weibull distribution is considered for F(:|n), with n = (p, A\)!. They proposed
classes of both non-informative and genuine priors (based on historical data) for
(7,7n), and they discussed some of their theoretical properties. The posterior
distribution is given by

(¥, N Dops) < L(v,n)7(,n),

where 7(-) represents the joint prior distribution, D, = (Y, A, X) are the
observed data, and L£(v,n) is given by (2.15). When historical data (obtained
from a previous study) are available, genuine priors are defined as the joint
posterior distribution from historical data:

(7,1, a0|Do,obs) < {L(7,1Do) }** mo (v, n)m0(cx0),

where Do s = (Yo,A,Xp) is the vector of the observed historical data,
L(7,n/Do,obs) is the likelihood function (2.15) from these historical data, mo (v, 1)
represents the joint prior distribution considered for (v, n) from historical data,
and aq is a parameter taking values between 0 and 1 which controls the influ-
ence of the historical data on the current data.

Ibrahim et al. (2001) considered the semiparametric version of (1.6) and
proposed to consider a piecewise constant hazard model for F(-|A), where A =
(A1, ..., Ay)! represents the vector of constant hazards associated with the .J
partitions of the time axis. When a semiparametric model is considered for F',
nothing guarantees that F' (Y(’;)) =1 as already explained for the mixture cure
model (see Section 2.1.2). To overcome this difficulty, Ibrahim et al. (2001)
proposed to introduce a smoothing parameter in the prior distribution of A;,
j=1,...,J, in order to control the degree of parametricity of the right tail of
the survival function. In terms of inference, as in Chen et al. (1999), Ibrahim
et al. (2001) discussed non-informative and informative priors as well as some
of their properties. The posterior distributions are constructed assuming the
same procedure as above. An extension of this method has been proposed by
Kim et al. (2007). Beside the consideration of the degree of parametricity for
the right tail, they also proposed to take into account the correlation between
log(Aj—1) and log();). As they explained, this latter proposal improves the
right tail estimation because information in that part of the survival function
can be borrowed from neighbouring log(A;)’s. They proposed to introduce a
smoothing and a correlation parameter in the prior distribution of log();) by
considering a martingale-type process prior. Additionally, they allow J to be
random. Prior distributions are discussed as well as some of their properties.
Because the dimensions of the posterior distribution can vary with random J,
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a reversible jump Metropolis-Hasting algorithm is proposed to sample from the
posterior distribution (we refer the reader to the article for more details about
this latter point).

For model (2.14), Bremhorst & Lambert (2016) proposed a flexible semi-
parametric approach when F(t|z) = 1 — So(t)*®®#2) where the logarithm of
the baseline hazard function A\o(¢t) = —(d/dt)log{l — Fy(t)} is written as a
linear combination of cubic B-splines. Bayesian inference is considered where
P-splines are assumed to estimate log{\o(¢)}. P-splines consist in taking a large
number of B-splines and adding a penalty term as proposed by Eilers & Marx
(1996). In a Bayesian setting, the penalty term is taken into account through
the specification of the prior distributions as detailed by Lang & Brezger (2004).
Following their proposal, Bremhorst & Lambert (2016) proposed prior distri-
butions for the parameters and they gave an MCMC algorithm to sample from
the joint posterior distribution. For an identifiability reason, they also pro-
posed to set the last spline parameter to a large value in order to guarantee
that the baseline survival function is proper.

Some Extensions

Under the biological perspective of the model, we assume that the latent times
{Tl, ...,TN} are i.i.d random variables. However, this assumption could be
unrealistic in certain situations since they concern the same individual. Zeng
et al. (2006) introduced a subject-specific frailty term &;, in order to relax this
assumption and they obtained a more general class of cure models given by

Spop(t1X;) = Ee, [exp{—0(X;)F(t)&}], i =1,...,n. (2.16)

Depending on the distribution for &;, different models are obtained. They
proposed to consider a gamma distribution with mean 1 and obtained the
model

Spop(tlz) = Gp{0(z)F (1)},

where G, (u) = (1 4 nu)'/" when the transformation parameter 7 is positive,
and G, (u) = exp(—u) when 1 equals zero. They also mentioned that other dis-
tributions and transformations can be assumed. In terms of modelling, Zeng
et al. (2006) assumed that 6(x) = exp(yo +~'x), and they let F(-) totally un-
specified. They proposed a profile likelihood approach to estimate the model.
As in Tsodikov (1998a), they proposed a NPMLE for F(-) obtained by max-
imising the likelihood function under the constraint that F;,. = 1. Score equa-
tions are obtained by making use of the Lagrange multiplier. The parameter
~ is estimated from the profile likelihood obtained by substituting F () in the
likelihood function.

A second extension has been proposed by Portier et al. (2018), who consid-
ered a promotion time cure model of the form

S(tle) = exp{—g(v,z) 6 F(t)}, (2.17)

where ¢ is a given function (not necessarily monotone) depending on a param-
eter vector v, 8 > 0 and F(-) is an unspecified proper distribution function.
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When g(v,x) = exp(yo + v'x), then model (2.17) reduces to the promotion
time cure model (1.6). For all other g functions, the two models are different.
In their paper, Portier et al. (2018) showed the identifiability of their model,
they developed the nonparametric maximum likelihood estimator of the model
parameters, they showed the asymptotics for their estimators with closed-form
formulas of the variance of the limiting Gaussian distributions, and they consid-
ered a likelihood-based methodology to select an appropriate g function among
a family of proposals.

Other extensions based on the biological interpretation of the promotion
time cure model have been proposed in the literature. However, because they
also embed the mixture cure model as a special case, they will be detailed in
Section 2.3.

2.2.3 Measurement Errors

In medical studies it often happens that some variables in the model are mea-
sured with error. For instance, the error can be caused by imprecise medical
instruments, like for measuring blood pressure, weight, cholesterol level, etc. In
economic studies variables like welfare or income can often not be measured in
a precise way, in which case one has to work with approximate measures that
might contain some error. Ignoring this measurement error can lead to wrong
conclusions, since the presence of measurement error leads to biased estimators
(see for example Carroll et al. (2006)).

In the context of the promotion time cure model, several authors have
considered the problem of estimating the model when one or several covariates
in the model are measured with error. The model that is considered is the
classical additive measurement error model of the form

W=X+U, (2.18)

where W is the vector of observed covariates and U is the vector of measure-
ment errors. We further assume that U ~ N, (0, V'), where V is known, and U
is independent of X. If some covariates are not subject to measurement error,
then the corresponding elements of V' are set to 0. It is also assumed that
(T,C) and W are independent given X.

The first paper that estimated the promotion time cure model (1.6) in the
presence of measurement error is Mizoi et al. (2007). The authors considered
the case where only one covariate is measured with error (say Xi), and they
assumed that the model is fully parametric, with F(-) equal to the distribution
of a Weibull random variable. They used a corrected score approach to take
the measurement error into account, which consists in replacing in the log-
likelihood the unobserved covariate X; by a surrogate depending on W; and
the (known) variance of Uy. The form of the surrogate depends on the assumed
normality of Uy, and hence the method cannot be extended in an obvious way
to the case where other error distributions are assumed.

Ma & Yin (2008) extended the above paper to the case where the dis-
tribution F' is unknown and possibly more than one covariate is subject to
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measurement error. They also use a corrected score approach and prove the
asymptotic unbiasedness and the asymptotic normality of their estimators.

A third contribution comes from Bertrand, Legrand, Carroll, de Meester &
Van Keilegom (2017), who assume the same model as Ma & Yin (2008), but
they use a different approach to estimate the model parameters. Their method
is based on the so-called SIMEX (simulation-extrapolation) approach that has
been proposed by Cook & Stefanski (1994). The SIMEX method consists of
two steps. In the first step increasing levels of measurement error variance are
considered, and at each level a large number of datasets is generated. The idea
is then to estimate at each level the vector of regression coefficients ignoring the
measurement error. In the second step these estimators corresponding to the
different levels of error are extrapolated to the situation where the covariates
are observed without error. An important advantage of this approach is that
the distribution of the error term U can by anything, as long as the covariates
observed with error are continuous. So it does not restrict attention to the
normal case. Bertrand, Legrand, Carroll, de Meester & Van Keilegom (2017)
established the asymptotic unbiasedness and the asymptotic normality of their
estimators, under the assumption that the extrapolation function is correct,
and they compared the finite sample performance of their method with that of
the corrected score approach of Ma & Yin (2008) through a small simulation
study.

Finally, Bertrand, Legrand, Léonard & Van Keilegom (2017) justified the
need to take the measurement error into account via a theoretical study of
the bias of the naive estimator that ignores the measurement error. They
also performed an extensive simulation study investigating the robustness of
both the corrected score and the SIMEX approach with respect to the model
assumptions.

2.2.4 Data Analysis

To illustrate the implementation of the promotion time cure model, we fit the
model on the Wang et al. (2005) data introduced previously. We consider
the semiparametric model proposed by Tsodikov (1998a) where covariates are
introduced only through 6 assuming the form 0(x) = exp(yg +~'x). We fit the
model using the estimation method proposed by Tsodikov (1998a). Parameter
estimates are given in Table 2.2, together with their standard errors and their
p-values.

Contrary to the mixture cure model, we only have one set of parameters
which influences both the cure probability and the survival as explained in
Section 2.2.1. The interpretation of the parameter estimates is as follows. The
quantity exp(vo + ‘ytm) represents the estimated mean number of carcinogenic
cells for a patient with covariates @. It then encompasses two levels of inter-
pretation :

e First, a larger value for exp(+o —|—‘yt:n) is representative of a higher proba-
bility of not being cured. Indeed, the more carcinogenic cells are present,
the more the observation has a chance to experience the event.
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Table 2.2:  Parameter estimates from the promotion time cure model together
with their corresponding standard errors and p-values.

Estimate Std.Err. Z value p-value exp(Est.)

(Intercept) 0.6218 0.6926  0.8977  0.3693 1.8622
Age -0.0326 0.0143 -2.2813  0.0225 0.9679

ER status [ER+ vs. ER—] 0.0285 0.2260  0.1260  0.8997 1.0289
tumour size 0.0056 0.1659  0.0337  0.9731 1.0056
Menopausal [post vs. pre] 0.6382 0.3503 1.8220  0.0684 1.8931

e Second, a larger value for exp(+o + 'ﬁ/ta:) is also associated with an earlier
event because more carcinogenic cells means more chance of having a
small activation time.

As can be seen, age has a significant impact on the survival probability at a 0.05
level of significance, and menopausal status at a 0.10 level of significance. This
means that postmenopausal women have a higher risk of being uncured and
they experience the event earlier in comparison with premenopausal women.
For age, the effect is reverse. Older women have a higher probability of being
cured and they have a lower instantaneous risk of experiencing a relapse than
younger women. Those results are different from what we obtained with the
mixture cure model where age and menopausal status have a significant impact
only on the incidence, and tumour size and estrogen receptor status influence
significantly the latency. In the case of the promotion time cure model, it is
not possible to distinguish and quantify the covariate effects related to the cure
probability and those related to the survival of the uncured observations. We
only have one global effect.

2.3 Unifying Models

The mixture cure model and the promotion time cure model represent two
different modelling approaches for survival data with a cure fraction. Several
differences have been underlined in the literature, but the two models are also
related. Indeed, there exists a mathematical link between them and they are
equivalent in some situations. Moreover, shortly after the introduction of the
promotion time cure model, the literature on cure models has been broadened
by unifying approaches embedding both the mixture cure model and the pro-
motion time cure model. In this section, we will first detail in Subsection 2.3.1
the differences between the mixture cure model and the promotion time cure
model but also present their mathematical relationship. In Subsection 2.3.2,
we will review the unifying models that have been proposed in the literature
and their estimation methods. The section will be closed by a Subsection 2.3.3
discussing model selection.
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2.3.1 Dissimilarities and Relationship Between the Mix-
ture Cure Model and the Promotion Time Cure
Model

Chen et al. (1999) distinguished three main differences between the mixture
cure model and the promotion time cure model. First, in the presence of co-
variates, the mixture cure model does not respect the proportional hazards
property. On the contrary, when we assume that only € is a function of co-
variates, the promotion time cure model does respect this property as already
mentioned in Section 2.2.2. Second, Chen et al. (1999) argued that the promo-
tion time cure model can be interpreted biologically in the context of cancer
studies which is not the case for the mixture cure model. This point of view
is however disputed by Peng & Xu (2012), who explained that by assuming a
Bernoulli distribution for N with parameter p, a mixture cure model is obtained
if the biological development described in Section 2.2 is followed. Note however
that this biological interpretation is an oversimplification of tumour kinetics.
Third, the promotion time cure model has been developed both in a frequentist
and and in a Bayesian setting contrarily to the mixture cure model.! As ex-
plained by Chen et al. (1999), the lack of such methods for the latter model is
due to the necessity of taking proper priors for +, both for the informative and
for the non-informative case, in order to obtain proper posterior distributions,
contrarily to the promotion time cure model.

All these elements favour the promotion time cure model. But another
important difference, not mentioned by Chen et al. (1999) and that is in favour
of the mixture cure model, is in the interpretation of covariate effects. Indeed,
the mixture cure model distinguishes the effect of covariates on the probability
of being uncured from the effect of covariates on the survival function of the
uncured observations. It is then possible to consider different covariates in the
two parts of the model and to evaluate the effect of the same covariate(s) on the
two parts. For the promotion time cure model, the question is more delicate
because, as detailed in Section 2.2.2, 6 influences both the cure probability
and the conditional survival function (2.13). Therefore, the same parameters
represent both the long-term (on the cure probability) and the short-term (on
the conditional survival function) effects of the covariates.

Beside these differences, the two models are mathematically related as ex-
plained by Chen et al. (1999). Indeed, given that the cure proportion exp(—6)
in the promotion time cure model is equivalent to 1 — p in the mixture cure
model, and considering the conditional survival function given by Equation
(2.13), the promotion time cure model can be rewritten as (we omit covariates
for simplicity)

exp{—0F(t)} — exp(-0)
1 —exp(—0) ’

Spop(t) = exp(=0) + {1 — exp(—0)}

that is, as a mixture cure model. Furthermore, as discussed by Peng & Xu
(2012), the two models are equivalent in some situations. First, when no co-

INote that since the article by Chen et al. (1999), some mixture cure models have been
proposed in a Bayesian setting, for example, by Yu & Tiwari (2012).
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variates are considered at all, and S,(-) and F(-) are unspecified, they are
obviously equivalent. Then, when p and 6 are not a function of covariates,
and when F(:|z) and S,(]z) are unspecified, they are also equivalent. They
represent the same model in a different form. On the contrary, when p and 6
are a function of covariates the two models are different. In a first case, when
F(-) does not depend on covariates, they will represent different models for
different data structures (a model with the proportional hazards property for
the promotion time cure model vs. a mixture cure model that does not verify
the property). In a second case, when F'(+) is a function of covariates, they will
be both flexible models for survival data with a cure fraction.

2.3.2 Unifying Models: Specification and Estimation

Two different streams have driven the development of unifying models. On one
side, we have models that have a pure mathematical motivation. On the other
side, some articles tried to extend the biological motivation of the promotion
time cure model and new classes of models appeared.

Mathematical Perspective

Unifying models developed in a mathematical perspective are all based on

Box-Cox transformations. Yin & Ibrahim (2005) proposed to apply this trans-

formation to the survival function Sp.p(t|2, 2), such that
Spop(tle,2)7 -1 = —0(o, @) F(t]2), f0<a <1 (2.19)
log{Spop(tz, 2)} = —8(0,)F(t]z), if a = 0, '

where « is a transformation parameter. The survival function is then given by

[ {1 —ab(a,2)F(t|]z)} >, ifo<a<l
Spop(tl, 2) = { exp{—0(0,z)F(t|2)}, if a =0,

and the associated cure probability is given by lim; oo Spop(tjz, z) = {1 —
af(a,z)}/* for 0 < a < 1, and exp{—0(0,z)} for a = 0. They proposed to
model §(a, x) as (o, z) = {exp(yo + vix)} /{1 + aexp(yo +~'x)}, and they
assumed that F(t[z) = 1 — So(t)*®®B'2), The mixture cure model and the
promotion time cure model are two special cases of this model when o = 1
and when a = 0, respectively. When 0 < a < 1, an intermediate model is
obtained. Both Bayesian and frequentist estimation methods have been pro-
posed. Yin & Ibrahim (2005) considered a Bayesian approach and assumed a
piecewise exponential distribution for Sy(-). They considered o as random, and
they proposed a uniform discrete prior for this parameter in order to guarantee
stability of the model. Note that they mentioned that there is no advan-
tage of a random « in comparison with a fixed one except that it facilitates
Bayesian inference. Parameters are considered independent a priori and they
proposed noninformative prior distributions. Peng & Xu (2012) proposed a fre-
quentist estimation method for model (2.19) based on a maximum likelihood
approach. They considered a piecewise constant hazard model for Sy(-) defined
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as So(t|\) = exp[— fo Ao(s|\)ds], where Ag(t|A) = exp(};), and A = (A, ..., Ay)
is the vector of constant hazards corresponding to each of the J time intervals.
Parameter estimates are obtained from the following likelihood function:

(a,7,8,)) H{9 a, X)) f(Y3|Z; )}A {1 —ab(a,X;)F (Yi|zi)}1/a7m.

Alternatively, Taylor & Liu (2007) proposed to apply a Box-Cox transformation
to both side of the equation in order to obtain the unifying model

{ Seop(tl2)"o] - 2 4@ P2, i 0 <a <1
log{Spop(tlx,z)} =log{q(x)}F(t|z), if @ =0,

where « is a transformation parameter, and ¢(z) = 1 — p(x). In that case, the
survival function is given by

L+ {g%() - 1}E(t|2)]Y, if0o<a<l1
Spop ], 2) = { oxp [log{q()} F(t]2)], if =0,

with a cure probability equal to g(x). As for the proposal of Yin & Ibrahim
(2005), when o = 0 the model reduces to the promotion time cure model. When
« = 1, it becomes the mixture cure model. In term of modelling, they proposed
as an example a complementary log-log model for the cure probability ¢(x)
depending on a parameter vector «y, and they considered a Weibull model for
1 — F(t|z) = exp[—\t? exp(B'z)]. No formal estimation is proposed. However,
Taylor & Liu (2007) defined the likelihood function for the model:

n

a AV —al,
‘C(a777/87 )‘7p) = H [{Q(Xl) - 1}f(Y7:‘Z1)} « Alspop(K|Xiu Z'L)l Al-
i=1
Note that by assuming that ¢(z) = {1 + aexp(yo + ~'x)} =/, the two
unifying models are equivalent as explained by Peng & Xu (2012).

Biological Perspective

The biological development of the promotion time cure model assumes that
the survival time T is generated by the latent survival times T}, such that T =
min{Tk, k=1,...,N}. Cooner et al. (2007) proposed to widen this relationship
and considered that a number r out of the N carcinogenic cells need to be
activated in order to produce a failure time. The survival time is then defined
asT = T(T), for 1 <r < N, where T(T), r =1,..., N represent the ordered latent
activation times. As for the promotion time cure model, they assumed that
Ty are ii.d. random variables with distribution function F (). The associated
survival function for the whole population is given by

Spop(t) = E(N,r){S(t|Nv T)} (2'20)

where Ey . is the expectation with respect to the joint distribution of (N,r),
and S(t|N,r) = P(T > t|N,r) is given by

P(T > t|N,r) = (N +Z< ) Y SHNTII(N > r > 1).
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The cure probability for this model is given by lim;_,o Spop(t) = P(N = 0).
The variable r is considered as a threshold variable determining the survival
time T'. It can be considered as a constant, as a function of NV or as a random
variable. Moreover, depending on its value, different activation schemes are
possible.

When r is considered as random, a conditional distribution is specified for
r|N. In order to model the survival time, Cooner et al. (2007) proposed to
decompose the joint distribution of » and N in (2.20) as the product of the
conditional distribution of r given N and the marginal distribution of N. In
such a case, a so-called hierarchical-activation scheme is obtained. They con-
sidered two types of conditional distributions for r|N: a mixture distribution
where a positive mass on {1, N} is attributed to r|N with probability = and
1 — 7 respectively, and a binomial distribution for r — 1|N with parameter
N —1 and 7. For the marginal distribution of N, four main distributions are
considered: a Poisson, a Bernoulli, a binomial and a geometric one.

In the particular case where r = 1, i.e. when only one of the N tumour
cells needs to be activated in order to produce a tumour, the survival time will
be equal to the first latent activation time associated with the first cell that
gives a tumour, that is, T = min{T},k = 1, ..., N}. In such a case the survival
function reduces to

Spop(t) = En{S(t[N,1)}
= EN{I(N=0)+SHVI(N >1)}
= En{S®"}. (2.21)

A so-called first-activation scheme is obtained. When it is assumed that N ~
Poisson(8), 8 > 0, the model becomes the promotion time cure model. When
a Bernoulli distribution with parameter 0 < 6 < 1 is assumed for N, the model
reduces to the mixture cure model. Other distributions, such as a binomial or a
geometric one, are also considered by Cooner et al. (2007), these distributions
giving other types of cure models. Another interesting distribution for IV that
has been proposed in the literature is the negative binomial. Tournoud &
Ecochard (2008), Rodrigues et al. (2009), and de Castro et al. (2009) considered
this distribution. The survival function for the whole population in such a case
is given by
Spop(t) = {1+ pOF ()} "1/, p>—1, 0 >0,

where § = E(N), p = —1/N, and V(N) = 0 + pf?. Interestingly, this model
embeds the mixture (when p = —1) and the promotion time cure models (when
p — 0). Moreover, it is equivalent to model (2.19) proposed by Yin & Ibrahim
(2005) when p = —a for p in [—1,0].

At the other extreme, Cooner et al. (2007) considered the case where r = N,
that is, all tumour cells N need to be activated in order to produce a tumour.
In such a case, the survival time will be defined as the largest latent activation
time associated with the last activated cell, that is, T = max{fk, k=1,..,N}.
This class of models is referred to as the last-activation scheme. The survival
function is given by

Spop(t) = P(N =0)+1—Ex {F(t)"}.
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As for the first-activation scheme, they considered different distributions for
N: Bernoulli, binomial, Poisson, and geometric. Different types of cure models
are obtained that are different from the mixture and the promotion time cure
models. In summary, the proposal of Cooner et al. (2007) represents a general
class of cure models that allows more flexibility to model survival data with a
cure fraction than the mixture or the promotion time cure model.

In terms of modelling, Cooner et al. (2007) proposed a Weibull distribution
for S(-) that depends on covariates. For the parameter 6, they considered the
case where it is a function of covariates assuming the form 6(x) = exp(vyo+~'x)
and also the case where it does not depend on covariates. In an attempt to
make the model more flexible, Cooner et al. (2009) proposed later a piecewise
exponential distribution for the latent time 7},. For the first-activation scheme,
Tournoud & Ecochard (2008) assumed that 6(x) = exp(yo + v'x) when N
follows a negative binomial distribution, whereas de Castro et al. (2009) con-
sidered that 6(x) = {q(x)~* — 1}/a, where g(x) = {exp(vo + v'z)}/{1 +
exp(yo+7'x)} when a # 0 and that 6(x) = —log{q(x)} when o = 0. Further-
more, de Castro et al. (2009) assumed that F(-) has a parametric distribution
(they proposed a Weibull or a piecewise exponential distribution) and did not
consider covariates.

Regarding estimation approaches, Cooner et al. (2007) and de Castro et al.
(2009) proposed to perform Bayesian inference. Cooner et al. (2007) considered
a marginalized likelihood function because the survival function (2.20) depends
on N and r which are latent, and discussed the choice of the prior distributions
with an emphasis on the parameter 6 in order to guarantee the identifiability
of the model. They proposed to use a MCMC algorithm to sample from the
posterior distribution. de Castro et al. (2009) considered an observed-data
likelihood and as Yin & Ibrahim (2005), they assumed that the parameters
are independent a priori and chose a discrete uniform prior for . A MCMC
algorithm is also used to sample from the posterior distribution.

Beside the Cooner et al. (2007) proposal, an even more general model has
been proposed by Kim et al. (2011). Based on the same biological approach,
they considered that an individual experiences a failure if a certain number of
the NV carcinogenic cells greater or equal to a threshold variable R is activated,
where R may or may not be independent of V. In such a way, they relax the
dependence assumption on N formulated for » by Cooner et al. (2007). The
survival time is then defined as T' = T( r), and the survival function is given by

r—1
Spop(t):P(N<R)+E(N’R) Z( ]j >F(t>35(ﬁ)N_JI(NZR) s
7=0

where the cured proportion is P(N < R). R, which can be fixed or random,
may be considered as the antibody level of the immune system for example.
If R is assumed dependent of N, the joint distribution of (NN, R) can be spec-
ified as the product of the conditional distribution of R given N, and of the
marginal distribution of N. In such a case, the model becomes the hierarchical-
activation scheme from Cooner et al. (2007). If R = 1, the model reduces to
the first-activation scheme because only one cell needs to be activated in order
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to produce a tumour. If additionally N follows a Poisson distribution with
parameter €, the model is the promotion time cure model. Equivalently, if R is
considered as random with a geometric distribution, and if N follows a Poisson
distribution, the model reduces to the promotion time cure model. Kim et al.
(2011) only considered a Poisson distribution for N. However if we assume
that R = 1 and that N ~ Bernoulli(p), the model becomes the mixture cure
model. As previously, Kim et al. (2011) assumed that (x) = exp(yo + vy'x),
and considered a piecewise exponential distribution for the latent time Ty. A
Bayesian approach is proposed to estimate the model where they assumed that
the distribution of R is known and that R and N are independent.

2.3.3 Model Selection

Unifying models offer a flexible way to model survival data with a cure frac-
tion. As explained in the previous section, there exist several possible models
for each proposal. A question of interest is then how to choose the most ade-
quate model? Two directions have been investigated. From models proposed
by Yin & Ibrahim (2005) and Taylor & Liu (2007), the transformation param-
eter « is usually considered as random, and it is estimated alongside the other
parameters. The best model is directly determined by the estimation process.
However, this approach supposes that one can estimate the parameter o with
precision which seems to be difficult because there is usually not enough infor-
mation about the parameter in the data as explained by Yin & Ibrahim (2005).
This point is corroborated by Diao & Yin (2012), who proposed a model similar
to Yin & Ibrahim (2005) with a frailty, and who mentioned the fact that when
the sample size is small, the likelihood function is quite flat for «. Taylor &
Liu (2007) performed a simulation study where they evaluated a fixed versus a
random «, and they draw the same conclusion: when the sample size is small, it
is complicated to obtain a precise estimate for a. An alternative is to consider
a grid of values for o and to perform model comparison as proposed by Diao
& Yin (2012).

For biologically specified models, because there is no transformation param-
eter, model selection is also performed based on model comparison. The main
idea is to define different distributions for random quantities, such as for N or
R, and to select the best fit according to some criteria. Cooner et al. (2007)
proposed to fit several models to the data with different activation schemes and
different distributions for N and to compare them based on the posterior pre-
dictive L-measure proposed by Laud & Ibrahim (1995) and Gelfand & Ghosh
(1998), a measure that rewards goodness-of-fit, assessed via posteriori predic-
tive comparison, and at the same time penalizes for complexity. de Castro
et al. (2009) proposed a similar approach and used the deviance information
criterion (DIC) and the conditional predictive ordinate statistic to compare
the models. Kim et al. (2011) fit different models with different distributions
for R to the data, and compare them based on the DIC and the logarithm
of the pseudo-marginal likelihood. Others, like Tournoud & Ecochard (2008)
proposed simply to choose the most appropriate model based on the scientific
knowledge of the disease, the hazard structure (proportional or not, depending
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on the distribution assumed for N), and on the variance structure from the
distribution of N.

Even if these proposals are targeted to compare flexible cure rate models,
one can implement them to compare the mixture cure model and the promotion
time cure model. Peng & Xu (2012) went in this direction, but proposed to
perform likelihood ratio and score tests from model (2.19) in order to evaluate
the adequacy of the mixture cure model (Hy : « =1 vs. Hy : a # 1) and of the
promotion time cure model (Hy : « = 0 vs. Hy : @ > 0). The proposed tests
perform well with large sample sizes but they are sensitive to a misspecification
of the baseline distribution function F'.



Chapter 3

The Single-Index/Cox
Mixture Cure Model

A second contribution of this thesis to cure models focuses on the mixture
cure model and more precisely on the modelling of the cure proportion. In
Chapter 2, we have reviewed in detail the existing literature on that model. As
we have explained, various models have been proposed to model the latency.
Parametric models are, for example, given in Boag (1949) and Farewell (1982).
A semiparametric approach based on a Cox PH model is provided by, for
example, Kuk & Chen (1992), Sy & Taylor (2000), and Lu (2008), whereas
a completely nonparametric estimation approach for S, (¢|z) is given in Patilea
& Van Keilegom (2018). On the other hand, much less attention has been paid
to the incidence and the modelling and estimation of the cure rate 1 —p(x). In
fact, it is common practice to assume a logistic model given by p(x) = exp(yo+
~tx)/{1+exp(yo+~ix)} for some parameter vector v and an intercept 7o. The
logistic model has certainly a number of important qualities. For instance, it is
easy to interpret, it is easy to estimate, and it is available in various statistical
software packages. However, it also has an important drawback. Indeed, the
logistic function exp(a)/{1+exp(a)} is of a fixed known form, while there is no
reason to constraint the cure rate 1 —p(x) to have a S-shape. Furthermore, even
if p(x) is often monotone in practical applications, we might think of situations
where p(x) would for example be increasing in 4'x up to some threshold, after
which it would become decreasing. In order to accommodate these concerns,
we propose in this chapter a single-index model for p(x), i.e. we assume that
there exists an unknown link function g(-) (monotone or non-monotone) such
that

p(x) = g(v'z). (3.1)

The link function g can be any (smooth) function with values between 0 and
1, and will be estimated nonparametrically using kernel methods. Considering
the popular Cox PH model for the latency, and a single-index model for the
incidence, we will refer to our model as the Single-Index/Cox (SIC) cure model.

Single-index models have been used in various contexts and have several
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advantages. First of all, as explained above, they are much more flexible than
purely parametric models, like logistic or probit models, which assume that the
link function g is a fixed known function. Second, contrary to the completely
nonparametric models for p(x), they do not suffer from curse-of-dimensionality
problems, since they summarize the covariate vector X into one single score
~*X, often referred to as the indez. Third, despite their nonparametric nature,
they remain quite easy to interpret. Indeed, to compare the relative importance
of one covariate with respect to another, it suffices to standardise the covariates
and to compare the absolute value of the corresponding ~y-coefficients. We refer
to Ichimura (1993) and Klein & Spady (1993) for some early references, to the
book by Horowitz (2009) for a nice overview of existing results, and to Lu &
Burke (2005), Wang et al. (2007), Lopez (2009), and Lopez et al. (2013) for
papers which have used the single-index model in survival analysis.

This chapter is organized as follows. In Section 3.1 we detail our proposed
model, i.e. the SIC cure model, we provide results about the identifiability of
the model and we define a maximum likelihood based estimation procedure.
The proof of the identifiability of the model is given in the Appendix at the end
of this chapter. The finite sample performance of the proposed estimators is
investigated through a numerical study in Section 3.2. It also contains a discus-
sion on the issue of bandwidth selection for the kernel based non-parametric
estimator of g. The breast cancer data introduced in Chapter 2 is analysed
with the SIC cure model in Section 3.3, and we end the chapter with some
concluding remarks in Section 3.4.

This chapter is based on

Amico, M., Van Keilegom, I., and Legrand, C. (2018). The
single-index/Cox mixture cure model. Biometrics (to appear).

3.1 The Model and its Estimation

Let us consider the same setting as in the previous chapters, that is, the survival
time T is subject to random right censoring, T and C' are independent given
the covariates (Xt Z*)* and the data consists in (V;, A;, X;,Z;), i = 1,...,n,
which are i.i.d. realisations of (Y, A, X, Z).

3.1.1 The Single-Index/Cox (SIC) Cure Model

Consider the mixture cure model (1.5) and assume a single-index structure (3.1)
for p(x), where v* = (71, ...,74) and d is the dimension of X. For identifiability
reasons we do not include an intercept in the model. For the latency, a Cox
PH model is considered with survival function

Su(t|z) = So(t)>PB=), (3.2)

where So(t) = P(T > t|B = 1) is the unspecified baseline conditional survival
function and B' = (B1,...,Bq) is a vector of parameters associated with Z
that does not include an intercept (with ¢ = dim(Z)). The conditional hazard
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function is given by A, (t|z) = \o(t) exp(B'2), where A\o(t) = fo(t)/So(t) is the
baseline conditional hazard function, with fo(t) = —(d/dt)So(t). Note that
Su(t|z) is a proper survival function, i.e. S,(t|z) — 0 when t — oo, implying
that the survival function is such that Spep(t|®,2) — 1 — p(x) when t — oo.
Note also that, as already mentioned in Chapter 2, even if the conditional
hazard A, (t|z) satisfies the proportional hazard property, this is not the case
for the hazard function of the entire population.

3.1.2 Identifiability of the Model

Under the data generating process described before, and assuming that the
censoring is non-informative, the likelihood of an observation (y, 6, ¢, z) is given
by

L(y,0, 2, z) = {g(v'@) fu(yl2) )’ {1 — 9(v'®) + 9(v'®)Sulylz)} ~°,

where f,(t|z) = —(d/dt)S,(t|z).

In practice, the censoring time C' is bounded. This prevents us from ob-
serving cured subjects in the data. A way around this problem is to assume
the existence of a so-called ‘cure threshold’ 7 < oo, that we already described
in Chapter 2, such that T > 7 implies that T' = 400 (Taylor (1995)). This
assumption is commonly accepted and often used in cure models literature. As
a consequence, whenever Y is observed to be greater than 7, the individual is
assumed to be cured.

We first derive our identifiability result for the case where X is only com-
posed of continuous random variables. Additional assumptions are necessary
when X is composed of both continuous and discrete random variables. We
give them at the end of this subsection.

For a continuous random vector X, our identifiability result is derived under
the following set of assumptions:

(A1) (i) The function g is differentiable and not constant on the support of
¥X.
(ii) The components of X are continuous random variables that have a
joint probability density function.

(iii) The support of X is not contained in any proper linear subspace of
RP.

(iv) 4*X does not contain an intercept.
(v) Either v4 = 1, or ||v]| = 1 and the sign of 7, is fixed, with || - || the
Euclidean norm.
(A2) (i) B'Z does not contain an intercept.
(ii) The matrix Var(Z) has full rank.

(A3) (i) There exists a 7 < oo (cure threshold) such that
(a) T>7«=T =00,
(b) P(C > 7|X,Z) > 0 for almost all X and Z.



56 Chapter 3. The Single-Index/Cox Mizture Cure Model

(ii) For all , 0 < p(x) < 1.

Assumption (A1) is required to identify the single-index model (see Horowitz
(2009), Theorem 2.1, p. 14), whereas (A2) is needed to make sure that the Cox
model is identifiable, and (A3) is a typical assumption needed to identify the
mixture cure model (see e.g. Taylor (1995)).

Proposition 3.1.1. Under (A1)-(A3), the model given by (1.5), (3.1) and
(8.2) is identifiable.

The proof of this Proposition is given in the Appendix provided at the end
of this chapter.

The identifiability result stated above only considers that X is a vector of
continuous covariates. When X is a mixture of continuous and discrete vari-
ables, two additional conditions, as described in Horowitz (2009), are necessary:

(A4) The support of v*X must not be divided in disjoint subsets when the
values of the discrete components vary.

(A5) The function g is not periodic.

3.1.3 Maximum Likelihood Estimation

In the context of mixture cure models, the likelihood function takes the form

n

£ = TTXa) £ (G120 Y2 [{1 = p(X0)} + p(X)Su(YilZ)] ™. (33)

i=1

When the latency is modelled as a Cox PH model, a particular feature of this
model is that the baseline hazard is left unspecified. In Chapter 2, however, we
explained that the profile likelihood approach usually considers to fit the Cox
PH model and to obtain the partial likelihood in classical survival analysis,
can not be considered for the mixture cure model. Indeed, by eliminating
Ao(t) from the likelihood function (3.3), one would lose part of the information
about the incidence because the baseline hazard function is conditional on the
uncure status B. Furthermore, cured and uncured censored observations have
the same contribution to the likelihood function and no distinction is made
between the two. As we have seen in Chapter 2, one solution consists in using
the EM algorithm, as proposed by Sy & Taylor (2000), in order to handle both
the fact that the cure status is partially unobserved and the fact that Ag(t) is
unspecified. For the mixture cure model, the complete-data likelihood is given
by

n

L. = H {p(Xi)Aa(Yi|Z:) S0 (Y;]Z:) 1 B2
i=1

x [T [p(%0) 8 (1)} 5 x {1 - p(X)} %]

i=1

0 (34)
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As it can be seen from equation (3.4), cured and uncured censored subjects
have a different contribution to this likelihood, and one can therefore use a
profile likelihood-type approach to estimate the survival function for uncured
observations without losing information about the incidence.

As explained in Chapter 1, the EM algorithm consists in maximising the
complete-data likelihood by alternating between an E and a M step until con-
vergence. For the mixture cure model, at the m'" iteration of the algorithm,
as it has been detailed in Chapter 2, the E-step consists first in computing

E (Bi|oi,9(m—1>) -

p(m—1)<X.)S(m*1)<Y,‘Zi> _ W(m)
1 — pm=1(X;) + p(m=D(X,) S (Y;|Z;) L

A; + (1 —A,)

and then substituting Wi(m) in the logarithm of (3.4) to obtained the expected
log-complete-data likelihood or equivalently the expected complete-data likeli-
hood

= [ X iz suviizy "
1=1
T [0 vizy™™ < 11— pxay =" 7 (5)

In the M-step, (3.5) is maximised with respect to the parameters of the model.
Since (3.5) can be re-written as the product of two factors, each of them con-
taining the parameters of one part of the model, it may be maximised separately
for the two parts of the model :

n

el {p (X)) {1 p(X,)) 1W5"l>}

=1
(m)
xH{ viz)r sz}
= [,1 X [,2. (36)

For the incidence, we follow the maximum likelihood approach of Klein &
Spady (1993) to estimate a single-index model with a binary outcome. The
likelihood function given in (3.6) is the same as for a logistic regression model,
except that the link function g(-) is totally unknown :

n (m) 17Wi('m)
= [Torx)™ " {1-grx)}
i=1

To estimate the single-index model, there is first a need to estimate the link
function g(-). The following (infeasible) leave-one-out kernel estimator of g(v*X;)
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based on Nadaraya-Watson weights :

t t
n K (’7 Xi;’)‘ Xj)

2= X k)
i 2 K (f)

where h is a one-dimensional bandwidth, can not be used in practice as B is
latent. Alternatively, B can be replaced by its expectation W™ obtained in
the E-step of the algorithm. The Nadaraya-Watson estimator becomes

n K (thi}*“rtxj)

~(m) t _ L (m)

(X =3 T (3.7)
Y, K ()

The kernel estimator (3.7) is substituted in £, and - is estimated by max-
imising the likelihood function with numerical techniques such as the Newton-
Raphson algorithm. The resulting estimator of « is denoted by 'y(m). Once

~(m)

A is computed, g(y'X;) is estimated by the estimator given in (3.7), but

with ~ replaced by 4. The estimator is denoted by g(m){( m))tX }. Note
that when d = 1, as 7, = 1, the estimator (3.7) reduces to a non-parametric
estimator.

For the latency, the likelihood function given in (3.6) is similar to the like-
lihood function for the classical Cox PH model except that the baseline cumu-
lative hazard Ag(t)and Ao(t) are conditional on B = 1:

n W

La(80,8) = [T [{Mo(¥i) exp(8'Z:)} ™ exp { = Ao(¥i) exp(8'Z)}|
i=1
The profile likelihood approach based on the work of Breslow (1974) and
proposed by Sy & Taylor (2000) that have been presented in Chapter 2 is
considered to estimate 3. In a first step, the value of 3 is fixed and Ag(t) is
estimated non-parametrically by

> D; 7 (3.8)

FY <t ZkeRj ngm) exp(B'Zy,)

In a second step, (3.8) is plugged in Lo, obtaining the partial likelihood

Av

x - exp(8'Z;) 1
Lo(8) = P } . 3.9
) H{ZkeR W™ exp(B'Zy) 39

The maximum likelihood estimator of 3 is obtained by maximising (3.9), and is
denoted by B(m). A(gm) (t) denotes the estimator of Ag(t) given in (3.8) but with

3 replaced by ,é(m). The EM algorithm iterates until the difference between
two consecutive values of the estimates of 3, v, and Sy(-) is smaller than a

certain value a priori defined. The final estimators are denoted by 7, a(), ﬁ
and Ag(+).
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In Chapter 2, we have explained that when the latency is modelled non-
or semiparametrically, one issue arises from the conditional survival function
estimation. In fact, the lack of information in the right tail of the survival
function (with possibly a large number of censored observations after the last
uncensored observation) may lead to a situation where S'U(Y(j)) # 0, resulting
in identifiability problems. To overcome this situation, Taylor (1995) proposed
the so-called ‘cure threshold’ also referred to as the zero-tail constraint which
consists, in practice, to impose in the E-step of the EM algorithm that the
weight W; equals 0 if ¥; > Y(j) It is equivalent to consider that observations
censored after Y7, are cured. Under the assumed Cox PH model for the latency,
this constraint is also applied to the SIC cure model.

3.2 Numerical Study

The objective of this numerical study is to compare the fit of the SIC cure
model with the fit of the classical logistic/Cox (LC) cure model in various
settings. The two models differ in their incidence (a single-index versus a
logistic structure), while they both assume a Cox PH model in the latency. The
impact of a single-index structure on both the estimates of p(x) and S, (¢|2)
are investigated as well as the impact of different censoring rates.

3.2.1 Some Preliminaries

Data for the incidence is generated according to three scenarios, each of them
corresponding to a different link function. The first scenario assumes a logistic
link function of the form g(a) = exp(vy + a)/{1 + exp(yo + @)}, where 7 is
an intercept term. The second scenario is an adaptation of a model coming
from Miiller & Schmitt (1988), namely g(a) = exp[0.75 ®{(yo + a) + 0.5} +
0.25 ©{0.5(70 + a)®}]/ (1 + exp[0.75 ®{(v0 +a) + 0.5} + 0.25 ®{0.5(70 + a)?}]),
with @(-) the standard normal cumulative distribution, leading to a non-logistic
but monotone link function. The third scenario assumes a non-monotone link
function of the form g(a) = exp[0.4{(y0+a)* — (yo+a)? —0.9(v0 +a)+1}]/(1+
exp[0.4{(70+a)® — (vo+a)*—0.9(70+a)+1}]). Figure 3.1 shows the three link
functions. Note that, for the second and the third scenarios, the link functions
are represented alongside the logistic link function (the dotted curve) in order
to allow the comparison. As it can be seen, these last two link functions were
chosen sufficiently different from a logistic link function in order to assess the
performance of a single-index and a logistic model in such situations. Note
also that we included a logistic transformation in the two last link functions in
order to restrict the probability to the interval [0, 1].

For all scenarios, we consider four independent covariates: X; and X5 have
a standard normal distribution, and X3 and X4 have a Bernoulli distribution
with parameters 0.3 and 0.6 respectively. The parameters o, ..., y4 are chosen
so that a sufficient cure proportion is obtained and so that the identification
condition (A4) is fulfilled. Table 3.1 summarizes the parameter values and the
cure proportions. Note that the intercept 7 is only estimated under the logistic



60 Chapter 3. The Single-Index/Cox Mizture Cure Model
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Figure 3.1: Link functions considered for the incidence in the data generation
process when yo = 0 (dotted curve: logistic link function).

model. Under the single-index model it is incorporated into the link function
qg.

For the latency, we consider one binary covariate Z that is independent of
X = (X3, X3, X3, X4)* and that has a Bernoulli distribution with parameter
0.6. The survival times for the uncured observations are generated according
to a Weibull PH model, i.e. S, (t|z) = exp(—At?)*P(52) for given choices of \, p
and 3. For the three scenarios, the scale parameter A equals 1.5, the shape pa-
rameter p equals 1.2, and 8 = 1.5. The censoring time C' is independent of the
vector (X, Z,T), and is generated from an exponential distribution with density
function f(t) = Acexp(—Act). Three different values for the rate A., denoted
by level 1, level 2 and level 3, are considered so that the difference between
the censoring rate and the cure rate increases. An increment of 5% between
each level has been considered. The values for each scenario are given in Table
3.1. For both the survival and the censoring times, the parameter values were
chosen in such a way that a certain number of the censored observations have a
follow-up time larger than Y}, and such that these observations are cured. In
such a way we mimic the type of real survival data on which cure models are
typically used. Additionally by increasing A\. our goal is to assess the impact
of larger censoring rates on the model estimates. Note that when the censoring
rate increases, the proportion of observations with a follow-up time larger than
Y(*; tends to decrease. As a consequence, very large censoring rates are not
considered in order to still have a non-negligible number of observations in the
plateau. Table 3.1 gives the censoring rates and the percentage of observations
in the plateau for the different values of A..

For each setting, we consider samples of size n = 250 and 500. This leads to

a total of 18 settings (3 model scenarios, 3 censoring rates and 2 sample sizes).
For each setting we generate 500 datasets.

For each dataset, we fit a LC cure model and a SIC cure model. For
the single-index model, we use an Epanechnikov kernel, given by K(u) =
3(1 — u?/5)/(4v/5)I(u?> < 5). The bandwidth is selected according to a like-
lihood cross-validation procedure which has been previously considered for
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single-index models by Strzalkowska-Kominiak & Cao (2013). It is performed
at the beginning of the M-step, prior to the incidence estimation and it is com-
puted at each iteration of the algorithm. The cross-validation criterion is given
by minus the logarithm of £; evaluated at ‘y(mfl), that is,

vV () = — Zn: W™ log g\ { (ﬁ(m_l))txi}

i=1
—Z - W) log [1- g P { (A X}, (3.10)

where g(m )( ) is the leave-one-out estimator (3.7) with 4 replaced by 4™~

and based on a bandwidth h. The selected bandwidth is the minimizer on the
interval [0.4,1] of the cross-validation criterion. It is given by

h(c‘) = arg IIllIl v (n).

The interval [0.4,1] is chosen based on visual inspection of what are reasonable
bandwidths in this setting. The bandwidth obtained at the last iteration of
the algorithm is the final bandwidth. In order to make both models identifi-
able, the conditional survival function is forced to be equal to 0 beyond Y(’;) as
proposed by Taylor (1995). For the SIC cure model, we apply the identifica-
tion conditions mentioned previously. For condition (A1)-(v), we set 43 =1 or
41 = —1, depending on the sign of 4; for the LC cure model. These identifi-
cation conditions will be assumed for the remaining of the article. For the two
models, the initial values of the EM algorithm are the parameters coming from
a logistic regression model taking the censoring indicator as response variable
for the incidence and coming from a Cox PH model fitted on the uncensored
observations only for the latency. We consider that the algorithm converges
when the difference between two consecutive values of the parameters is smaller
than 1075,

In order to evaluate the performance of the SIC cure model for the incidence,
we compute the Average Squared Error (ASE) of p(z) for each model,

ASE(p 12{ i(3'z;) (’ytwj)}z.

The ASE is computed on a grid (x;); = ({zj1,%j2,2;3,254});, 7 =1,...,V, of
values of the vector (X1, Xs, X3, X4). For X; and X, we take grid pomts on
[—1.5,1.5] with step size 0.01, while X5 and X4 take values in {0,1}. For the
latency, we compute the bias, the variance and the mean squared error (MSE)
of B for each model.

3.2.2 Results

Table 3.2 shows the bias, variance, and MSE of B for the two models. As
can be seen from the table, the bias of 3 is small for the two models, and
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we observe very small differences between them. These small differences how-
ever tend to increase when A, increases. This situation occurs because when
Ac increases, the censoring rate increases, and the number of observations in
the plateau becomes substantially smaller than the number of cured obser-
vations. In such a situation, the number of censored observations such that

Y < Y(’;) gets larger. The weight Wi(m) for these observations will be equal to
{pm (X)) 8D (Vi 20} {1 =p D (Xa) +p D (X0) S5V (Vi) 24)), that
is, it will rely more on p(x) than when an observation is uncensored (Wi(m =1)
or when an observation is censored after Y(j) (Wi(m) = 0). Depending on the
estimate for p(x), these observations censored before Y, will have a different
contribution to the likelihood function for the latency. Larger differences in
the estimation of 8 are observed between the two models. Despite this effect,
the bias is still small for the two models and it seems that choosing between
a logistic regression and a single-index model does not have a large impact
on the latency parameter estimate when the latency modeling is the same.
Furthermore, the variance and MSE of 3 are very similar for the two mod-
els. Nevertheless, when ). increases, B becomes more variable, and the MSE
increases for the same reason as above.

For the incidence, Figure 3.2 gives the boxplots of the ASE of p(x) for the
two models. As can be expected, the LC cure model performs better than
the SIC cure model when the true model is a logistic regression, regardless
of the sample size (see the boxplots associated with scenario 1 in Figure 3.2).
For scenarios 2 and 3 on the contrary, when the true link function is different
from a logistic one, the SIC cure model performs better for all censoring rates
and sample sizes considered. As is the case for the latency, the censoring rate
has an impact on the quality and the precision of the estimates of p(x), with
the ASE taking on higher values and being more variable when \. increases.
The explanation is the same as above. When the censoring rate gets much
larger than the cure proportion, more observations have a weight Wi(m) taking

values between 0 and 1. Because Wi(m) is involved in the likelihood function
for estimating p(x), the uncertainty in the estimation of p(x) increases, and
larger and more variable values of ASE are observed. On the contrary, as can
be expected, when the sample size increases, a decrease in the value of the ASE
is observed, meaning a better fit to the data.

Estimating a SIC cure model is computationally more demanding. How-
ever, although a difference by a factor of around 85 has been observed in our
simulations, the required time remains reasonable, going from 0.10 seconds for
the LC cure model to 8.4 seconds for the SIC cure model when n = 250, and
from 0.18 seconds to 15 seconds when n = 500 (2.7 GH processor and 16 Go
of memory computer). With a more complex model, for e.g. with a higher di-
mension of X or a more complex link function, the computation time increases
for both models, mainly because the EM algorithm gets slower. In term of EM
algorithm convergence, between 99.2 % and 100% of the datasets converged
when estimating a SIC cure model.
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3.3 Real Data Application

Our application concerns a breast cancer study which consists of 286 patients
that experienced a lymph-node-negative breast cancer between 1980 to 1995
(Wang et al., 2005) and that has been already analysed in Chapter 2. The event
of interest is distant metastasis, and the associated survival time is the time to
distant metastasis (DM). Among the 286 patients, 107 experienced a distant
recurrence from breast cancer. As can be seen from Figure 2.1, the Kaplan-
Meier estimator of the survival function shows a large plateau at about 60%,
and 88% of the censored observations are in the plateau. A cure model seems
therefore appropriate for these data. Four covariates are considered: age of the
patient (ranges from 26 to 83 with a median of 52 years), estrogen receptor
(ER) status (0 = ER—: less than 10 fmol per mg protein - 77 patients, 1 =
ER+: 10 fmol per mg protein or more - 209 patients), size of the tumour (ranges
from 1 to 4 with a median of 1), and menopausal status (0 = pre-menopausal -
129 patients, 1 = post-menopausal - 157 patients) which has been obtained by
dichotomising age (pre-menopausal: age < 50 - post-menopausal: age > 50).
The original data are split in a training and a test set following the 2/3 - 1/3
recommendations of Hastie et al. (2009). For our application, it corresponds to
190 and 96 observations respectively. The training set is used to estimate and
to interpret the model. The test set is used to compute the cross-entropy error
(CEE) of the predictions of the logistic and the single-index models, a measure
of loss often considered for binary classification (see, for example, Hastie et al.
(2009)). It is given by

Ntest

CEE = — Z log {ﬁ(m§est)wj {1 713(:6;631&)}1*@]},
j=1

test
J
probability and the predicted weight for the j* observation in the test set,

respectively, computed based on the parameter estimates (and the link function
for the single-index) obtained from the training set. On the training set, a LC
and a SIC cure model including the four covariates in both parts of the two
models are fitted. For interpretation convenience, a standardized version of
all covariates, continuous and discrete, is considered in the incidence. For the
single-index model, we proceed as in Section 3.2 for model fitting, bandwidth
selection, and model identification, and the parameters are further normalized
so that ||4°7] = 1, with 4%/ the vector of parameter estimates under the
single-index model, in order to ease the interpretation.

The standard errors of the parameter estimates for both models have been
computed using a naive bootstrap approach, which consists in drawing with
replacement M = 250 resamples {(Y;*, A, X¥,Z¥),i = 1,...,n} from the
training set, each resample having the same size as the training set. On each
resample, a LC and a SIC cure model are estimated and the standard error of
each parameter for each model are then computed over the M resamples.

Table 3.3 gives the parameters estimates jointly with p-values for the Wald
test of the parameters. For both models, the effects for the four covariates on

where nges; is the size of the test set, p(a°**) and w; are the predicted uncure
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Figure 3.3:  Estimated baseline survival function for (a) the LC mizture cure
model and (b) the SIC mixture cure model; estimated link function for (c) the
logistic model and (d) the single-index model (index = 4'x); and plot of the
effect of age on the uncure probability for (e) the logistic model and (f) the
single-index model.
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the latency have the same direction, and the estimates are very close. Moreover,
the ER status affects significantly the time to DM of uncured patients showing
that a positive ER status implies a longer time to DM. Regarding the estimated
baseline survival function, as it can be seen in Figure 3.3 (a)—(b), it is the same
for both models.

For the incidence, we first compute the cross entropy error for both models
to compare their fits. The cross entropy error for the SIC cure model equals to
67.71, while it is equal to 71.57 for the LC cure model, meaning that the SIC
cure model performs better than the LC cure model in predicting the uncure
status. To understand why the single-index model performs better, we compare
the estimates of the two models. Beside different parameter estimates, the link
functions, given in Figure 3.3 (c¢)—(d), are also different, the single-index link
function showing a non-monotone trend which is quite different from the logistic
one. Nevertheless, as already pointed out by Li & Duan (1989) in a broader
context, even if two models are estimated with different link functions, the
relative importance of the parameter estimates is similar, permitting to evaluate
which variable impacts the most the outcome. Here, age and menopausal
status are the most influential covariates on the uncure probability because
of their larger estimates in comparison with the other covariates. However, to
interpret covariate effects on p(x), the link function and the parameters have to
be considered jointly as the sign of the effect depends on the shape of the link
function. If the link function is monotone increasing (resp. decreasing), the sign
of the effect will be the same as (resp. the opposite) the sign of the estimate.
For this dataset, the parameter estimates show, at a 10% level, that age and
menopausal status have a significant effect on the uncure probability for the
single-index model, whereas none of them are significant for the logistic model.
As the link function is not monotone, we can not interpret the parameter
estimates directly. But we can instead plot the uncure probability against
covariates to better understand their effects. Figure 3.3 (e)—(f) show the effect
of age on p(x) for both models. Two different groups appear, corresponding to
pre-menopausal and post-menopausal women. Contrary to the logistic model
where the relationship seems to be almost equivalent and linear in the two
groups, it seems that the trend for pre-menopausal in the single-index model
is flat between roughly 35 and 50, and much higher in the 25-35 range, while
for post-menopausal it is roughly flat from 50 to 70, then much lower for ages
greater than 70.

To further extend the data analysis, we sequentially remove the non signif-
icant covariates based on the p-values. We obtain a final model containing age
and the menopausal status in the incidence, and age and the estrogen receptor
status in the latency.

3.4 Conclusion
We proposed a new semi-parametric modelling approach for the mixture cure

model by considering a single-index structure for the uncure probability. We
proved the identifiability of the proposed model, parameter estimators are ob-
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tained via maximum likelihood using the EM algorithm, and for the unknown
link function of the single-index a Nadaraya-Watson estimator is proposed with
a likelihood cross-validation method for the bandwidth parameter. Based on
a numerical study, we showed the good performance of the method for the
estimation of the uncure probability, and its ability to outperform the logistic
model when the true link function is not the logistic one. The application of
the method to a breast cancer dataset illustrates its practical use and the use-
fulness of a single-index model. The analysis uncovered a non-monotone link
function and both the parameter estimates and the graphical representation
indicate a more complex effect of age not observed with the logistic model.
However, even if the link function is left unspecified, providing yet a greater
flexibility, the single-index model assumes a linear combination of covariates,
which might be questionable in this particular context. Indeed, since age seems
to have a non-linear effect on the uncure probability, one could envisage to take
this feature into account in a different way, not with a flexible link function,
but by considering a flexible modelling of the covariates. For example, we could
consider a generalised additive model introduced by Hastie & Tibshirani (1986)
instead of a single-index for the incidence, where the logistic link function is
kept but where instead of having a linear combination of covariates, the index
is given by Zj‘l=1 s;(X;), where s(-) are unspecified smooth functions. Such
mixture cure models have already been proposed by Li & Taylor (2002) who
consider cubic B-splines to estimate s;(-). Alternatively, we could keep the
single-index structure, but with an additional feature for the specific effect of
age. For example, a quadratic term could be added, or we could also envisage
something more flexible by introducing the effect of age as a smooth unknown
function, that is, having an index taking the form v*X’ + s(Xg4.), with X’ the
vector X without age and where s(-) has to be estimated.

Due to its greater flexibility over the logistic regression, the SIC cure model
may be considered as a diagnostic tool to investigate misspecification of the
incidence of the mixture cure model. A possible extension of our work will
be to develop a test for the parametric form of p(-). Miiller & Van Keilegom
(2018) proposed such a test based on the non-parametric estimator of the cure
rate proposed by Xu & Peng (2014) for the case where X is one-dimensional
(see Chapter 2 for a brief description). By avoiding curse of dimensionality
problems, our estimator §(4'X) may constitute a natural extension of their
work when X is multi-dimensional. Furthermore, its flexibility has another
advantage as it permits to model a wide range of link functions, monotone or
not. However in certain contexts it is natural to assume that the link function
is monotone. A possible adaptation of this work would be to restrict the link
function to the monotone case.
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3.5 Appendix: Proof of Proposition 3.1.1

To show that the model is identifiable, suppose that there exist (9,7,50,8)
and (g, 4, So, 8) such that

{9(v'x) fulylz)}’ {1 - g(v'x) + g(v'x)Su(ylz)}' ™ (3.11)

= i 0nem) {1-a6% + i35 )

for all realizations (y,d,x,z) of (Y,A,X,Z), where S,(y|z) = So(y)>®®B'=),
Su(y|z) = S’o(y)e"p('@tz), and f,(y|z) and f,(y|z) are the corresponding prob-
ability density functions. Then, we need to show that g = g,v = 4,5 = So

and 8 = 3.
First, consider y > 7 and § = 0. Note that

PY >7,A=0X,Z) = P(C>rC<T|X,Z)
= P(C>7T=00|X,Z)
= P(C>7|X,Z) (1-p(X))>0.

Indeed, since C' is greater than 7 and smaller or equal than T, il follows that
T > 7. Then, thanks to (A3), it follows that T' = oo and that (C' > 7,C < T)
is equivalent to (C' > 7,7 = o0). Hence, (y > 7,0 = 0,x,2) is a possible
realisation of (Y, A, X, Z). Equation (3.11) reduces in this case to 1 —g(v'x) =
1 — §(4'x). Theorem 2.1 in Horowitz (2009) together with assumption (A1)
ensures that g = g and v = 7.

Next, take y < 7 and § = 1, and observe that

P(Y <7,A=1X,Z)
— P(T <7,T < CX,Z)
>PT<71,C>7X,Z)=PT<7X,Z)P(C >7|X,Z)
= p(X)P(C > 7|X,Z) > 0,

given that T and C are independent given (X, Z) and again by (A3), showing
that (y < 7,8 = 1,x,2z) is possible. The likelihood contribution in (3.11) is such

that g(v'x) fu(ylz) = §(¥'%) fu(ylz). Since g(v'X) = §(7'X) = p(X) > 0, it

follows that f,(y|z) = fu(y|z). Since the Cox model is identified under condi-
tion (A2), it follows that 8 = B and Sy = Sp. |
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Chapter 4

Assessing Cure Status
Prediction from Survival

Data Using ROC Curves

As we have seen in the previous chapters, two outcomes are of interest when
modelling cure survival data: the survival at a given time ¢, as in classical
survival analysis, and the cure status. In Chapter 2, we have seen that the
literature on cure models mainly focuses on modelling the effect of covariates on
these two quantities, while very little has been done on evaluating the quality of
predictions. However, good predictions are essential for practitioners. In fact,
when there exists a possible cure fraction, we can think of situations where
one would be interested in predicting who is cured and who is not based on
marker(s) in order to determine if a treatment is necessary to prevent a cancer
relapse. Likewise, being able to correctly predict the survival probability of
an uncured patient after a certain time by taking into account the presence of
cured subjects in the data is also important. A first contribution to that topic
is due to Yu et al. (2008) who propose to validate individual prediction for
patients with prostate cancer performed based on a joint longitudinal survival-
cure model. Recently, Beyene et al. (2018) investigate the accuracy of time-
dependent event prediction, extending to cure survival data the results that
have been previously obtained for classical survival analysis (see for example
Heagerty et al. (2000), Heagerty & Zheng (2005), Chambless & Diao (2006),
Blanche et al. (2013), Li et al. (2018) among others). Zhang & Shao (2018)
propose a concordance measure, in the spirit of the c-index proposed by Harrell
et al. (1982) and Harrell et al. (1984), to assess the prediction accuracy of the
overall survival for uncured patients by taking into account the presence of a
cure fraction. They extend the work of Goner & Heller (2005) for the Cox PH
model. For the cure status, on the contrary, nothing has been done to the best
of our knowledge, while it is an important issue.

In Chapter 1, we have introduced the ROC curve, a graphical tool which
aims to evaluate if a continuous classifier correctly performed a binary classifi-

73
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cation. As a recall, it plots the sensitivity given by
Se(k) = P(M > k|D =1), (4.1)
against one minus the specificity given by
1—Sp(k)=P(M > k|D =0), (4.2)
for all possible values of k£ € R. Its equation is given by
ROC(u) = Se{(1-Sp)'(w)}, O<u<l,

where u is an index.

In this chapter, we propose to develop a ROC curve approach in order
to evaluate the accuracy of a (combination of) covariate(s) to predict the cure
status based on cure survival data. Since the cure status is missing for censored
observations, ‘classical’ ROC curve approaches, which rely on the knowledge
of the classes of the observations, can not be directly implemented in this
context. Therefore, an important issue to address is how to handle the latency
of the cure status. Our proposal is presented in Section 4.1 alongside some
important points related to the estimation of the sensitivity and the specificity.
In Section 4.2, some asymptotic properties are presented, followed in Section 4.3
by the investigation of the finite sample performance of the proposed method
through an extensive simulation study. Section 4.4 illustrates the practical
use of our proposal on a melanoma dataset, while Section 4.5 concludes with
some final remarks and discussion. Finally, Appendix 1 given at the end of
this chapter provides additional results on the finite sample performance of
our estimators, while Appendix 2 gives the proofs of the asymptotic properties
derived in Section 4.2.

This chapter is based on

Amico, M. and Van Keilegom, I. (2018b). Assessing cure status
prediction from survival data using ROC curves, Submitted.

4.1 Methodology

Once again, let us consider the same setting as in the previous chapters, where
T is subject to random right censoring, 7" and C' are independent given X and
Z, and let us consider that we have a random sample of n i.i.d. observations
(Y;, A, X4, Z;), i =1,...,n, having the same distribution as (Y, A, X,Z). We
further assume that the data comes from the mixture cure model (1.5).

The objective is to derive a ROC curve estimator in order to evaluate the
prediction accuracy of M for the cure status D = I(T = o). Hereafter, we
assume that M = ~y+~*X, where 7 is a vector of parameters associated with X
and o is an intercept term. We further assume that X can be unidimensional
or multidimensional, and for this latter case, that the vector of parameters
(70,7*)? can be known, in such a case M is a known score such as a genetic
score, for example, or unknown that needs therefore to be estimated.
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4.1.1 Infeasible Estimators

In Chapter 1, we have mentioned that a simple and common nonparametric
method to estimate a ROC curve consists in estimating the sensitivity and the
specificity by their empirical distribution functions given by

Se(k) = 1-— ! iWﬂI(MiSkz), (4.3)
Sp(k) = }iWiOI(Migk), (4.4)
0 =1

where Wil = Di, WiO =1- Di, Nl = Z:’L:l Wil and NO =n— Nl. The ROC
curve estimator takes therefore the form of a step function with jumps at each
M;. When working with cure survival data, however, these estimators cannot
be used as the cure status is unobserved.

When dealing with cure survival data, we have explained in Chapter 2 that
Taylor (1995) proposes to consider as cured an observation with a follow-up
time greater than the last uncensored follow-up time Y. Based on this cure
threshold denoted by 7, it is therefore possible to distinguish three types of
observations from cure survival data. In fact, since an uncensored subject
experiences the event, it belongs to the non-cured population with certainty,
that is, D = 0. Based on the cure threshold, censored observations can be
separated into two groups, those with a follow-up time Y > 7, for which D =1,
and those with a follow-up time Y < 7. For this latter case, a probability, given
by P(D = 1|1X,Z,C,T > C), replaces the unobserved cure status. It follows
that estimators for the sensitivity and the specificity are given by the following
weighted empirical distribution functions:

Se(k) = 1-— Ni En: Wi I(M; < k), (4.5)
Li=1
Splk) = > Wig I(M; < ), (4.6)
0 i=1

where Wiy = (1= A)P(D =1X =X;,Z=2;,C=C;,T>C;), Wyp =1 —
Wi, Ny = S Wi1, and Ny = n— N;. Furthermore, when the cure threshold
is assumed, W;; can further be written as W;; = IY;>7)+ (1-4) I(Y; <
T) P(D=1X=X;,Z=12,,C =C;,T > (;). An infeasible estimator for the
ROC curve is then given by

ROC(u) = Se{(1 - Sp)~t(w)}, 0 <u<1. (4.7)

This estimator is a monotone increasing function of v and is invariant to strictly
increasing transformations of M, which are both required properties of ROC
curves as described by Pepe (2003). Note that these estimators consider a
random design. However, they can also be applied when the design is fixed. In
such a case, notations will be different.
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The development of this method relies on the following theoretical elements.
Based on the definition of conditional probability, the sensitivity (4.1) can
be written as Se(k) = P(M > k,T = 00)/P(T = o). Let us consider the
numerator:

P(M > k,T = 00)
=E{IM>k) I(T=00)}
=E{IM>k)I(T>C)IT=0c)}
=FE[IM>k) I(T>C)E{IT=0x)X,Z,C,T>C}]
=FE{I(M>k)I(T>C)P(T=0X,Z,C, T >C)}
=E{IM>k)(1-A) P(T=00X,Z,C, T >C)}.

Hence,

E[I(M>k)(1-A) PT=X,Z,C,T > C)]
E[(1-A)P(T =0|X,Z,C, T > C)]

By assuming the cure threshold, and by replacing the expectation by a sum, it

follows that a natural estimator for Se(k) is given by (4.5).

Based on these derivations, an estimator for the AUC can also be ob-
tained. The AUC defined in Chapter 1 can be written as AUC = fol Se[(1 -
Sp)~'(u)] du. Define fo(k) = (d/dk) Sp(k). By proceeding to a change of vari-
able (assuming that (1 — Sp)~!(u) = k), we have for arbitrary 1 <i # j < n
that

Se(k) = (4.8)

AUC = / T Selh) folk) d

- E{Se(Mi)|Ti<oo}
= B{P(M; > M;T; = o0, My)|T; < 0}
- E{E{I(Mj > M;)|T;j = oo, M; }|T; < oo},

with (M;, T3) 1L (M;, T})
- E[E{I(Mj > My)|T; = 00, M;, Ty < 00}|T; < 00, T; = 00
= E{I(M; > M;)|T; = 00, T; < 00}
= P(M; > M|T; = 00, T; < 00).

Based on the definition of conditional probability, the AUC can be rewritten
as

P(MJ > MZ,,_TJ =00,T; < OO)
P(T = o0) P(T < 00)
Let us consider the numerator:
P(MJ > Mi,Tj =00,T; < OO)
= E{I(M; > M;) I(T; = o) I(T; < o0)}

AUC =

- E[I(Mj > M;) E{I(T; = o0)I(T; < 0)[X;, X, Zs, zj}}.
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7

Given that (TZ,X“Zz) 1 (Tj,Xj,Zj) and that Tz 1 Tj|(Xi,Xj,Zi,Zj)

since

fryx;z,; (til@1, 21) frx.z, (t2]@2, 22)
_ frxyz(t,®,21) frixz (B, @2, 22)
- fx;.2,; (@1, 21) fx,z, (%2, 22)
_ Inrix,zxizs(t te, T, 21, T2, 22)

fx,z,x.2, (%1, 21, X2, 22)

= frymx,z,%.2; (t1, t2|T1, 21, T2, 22),

it follows that
E[I(Mj > M;) B{I(T; = 00)I(T; < 00)|X:,X;,Z;, zj}]

= B[I(M; > M) B{I(T; = o0)[X{, X, %, Z,}

x B{I(T; < o0)|X;, %5, zi,%}]
Furthermore,
I(Tj =00) = I(Tj=o00){I(T; <Cj)+I(T; > Cj)}

= I(Tj = ) I(T; > Cj),
since {T; = oo} N{T; < C;} = &, and

ITi<o0) = I(T, < co){I(Ti < Cy)+ I(T; > C)}
= I(Ti < OO)I(Tz > Cj) —i—I(TZ < Cl),
since {T; < oo} N{T; < C;} = .

Then,
B[I(M; > M) E{I(T; = 00)|X;, 25} B{I(T; < 00)|X., Zi}]

= E<I(Mj > Mj) x E{I(T = 0)|X;,Z;,C;,T; > C;}H(T; > Cy)

x [E{I(T; < 00)|Xs,Zs, Cs, Ty > CYI(Ty > Cy) + I(T; < ci)]).

Hence,
P(Mj > Mi,Tj = 00, T; < OO)
= E|:I(Mj > M7) X P(TJ = OO|Xj,Zj,Cj,Tj > Cj)(l — A])

x {P(T; < 00X, Zi, Ci, Ts > C)(1 = A) + Ai}].

By replacing the expectation by a sum and by assuming the cure threshold,

it follows that an infeasible estimator of the AUC is given by

1
NoNi

ZZlewio I(M7 > Ml)

i=1 j=1

AUC =

(4.9)
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4.1.2 Feasible Estimators

The probability P(D = 1|X,Z,C,T > C) is involved in the infeasible esti-
mators (4.5) and (4.6) of the sensitivity and the specificity, as well as in the
infeasible AUC estimator (4.9). It is therefore necessary to estimate this quan-
tity in order to obtain estimators that can be used in practice. Based on the
definition of conditional probability, this probability can be written as

B _ P(T=|X,Z,C) P(T =x|X,Z)
PD=1X,2,6,T>C) = P(T > C|X,Z,C) P(T >C|X,Z,C)

since T and C are independent given X and Z. Since we suppose that the data
come from the mixture cure model (1.5), it can be further written as

P(T =o00|X,Z) 1—p(X) (4.10)
P(T > C|X,Z,C) {1 —-p(X)} +p(X)S.(C|Z) ’

The literature on cure models offers various modelling approaches for the
mixture cure model (1.5). The most common one is the LC mixture cure model
proposed by Kuk & Chen (1992), and further studied by Sy & Taylor (2000)
and Peng & Dear (2000) that has been introduced in Chapter 2. This proposal
assumes a logistic model for p, that is p(x) = exp(yo+~'x)/{1+exp(yo+~iz)}
and considers a Cox PH model for S, where S,(t|z) = So(t)**(B=) with
So(t) = P(T > t|T < o0,Z = 0), a baseline conditional survival function
which remains totally unspecified, and 3 a vector of parameters associated
with Z. A drawback of this model, however, is that the estimator for P(D =
11X,Z,C,T > C) relies on a parametric assumption for p which may not be
fulfilled by the data. An alternative model is the SIC mixture cure model
presented in Chapter 3, which assumes a single-index structure for p, that
is p(x) = g(v'z), where g is a smooth unknown function, and a Cox PH
model for S,. This SIC cure model assumes a less restrictive model for p and
it may therefore be more appropriate. Both approaches are considered and
their respective finite sample performances are compared in Section 4.3. The
estimators for Wjo and W;; are given by

1. — . T — A ; T - _ﬁ(Xi)
Wi = IYV;i>7)+ 1-A)IY;,<7) {1-p(Xy)} +ﬁ(X,L)Su(}/1,|Zl)

Wi = 1-Wi,

and are obtained by either a LC cure model or a SIC cure model. The feasible
estimators of Se, Sp, ROC and AUC are now given by
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Se(k) =1— ! > Wi I(M; < k), (4.11)
M3
Sp(k) = —— 3" Wio 1(M; < k), (4.12)
0 =1
ROC(u) = Se{(1 - Sp) ' (w)}, O<u<l, (4.13)
A/U\C = = 1A ZZlewio ](Mj > Mi), (414)
NoN i j=1

where Ny = S Wi1 and No =n — Ny.

Both X and Z enter in the computation of Wo and Wl, while M only relies
on X. For the choice of the covariates to include in X, we consider those
included in M. A more delicate question concerns the choice of the covariates
to consider for Z. When M only contains one covariate, and when there is only
one covariate available in the data, it is easy to assume that X = Z. If there
are several covariates in the data, or when M is a combination of covariates,
on the contrary, the choice of Z will depend on the knowledge of the topic of
the analysis, and on which covariates are thought to influence the survival of
uncured subjects. In such contexts, Z can be partially or fully identical to X,
or completely different from X. However, we are not free of misspecification.
The influence of a misspecification of this vector on the estimation of the ROC
curve is therefore investigated through simulations in Section 4.3.

4.2 Asymptotic Theory

In this section we will develop the limiting distribution of the proposed esti-
mators of the sensitivity, the specificity, the ROC curve and the AUC given
in equations (4.11), (4.12), (4.13) and (4.14). In the previous section these
estimators were constructed either based on a logistic/Cox mixture cure model
or on a single-index/Cox mixture cure model. However, asymptotic theory for
the estimation of these models has only been developed so far under the logis-
tic/Cox model (see Lu (2008)), and so we restrict attention in this section to
the latter model.

The proofs of the results of this section can be found in Appendix 2 at the
end of this chapter.

The asymptotic theory for the estimation of the logistic/Cox mixture cure
model derived by Lu (2008) relies on a the following set of assumptions.

There exists a constant x such that:

(C1) The function Ag(t) is strictly increasing and continuously differentiable,
and Ag(k) < 0.

(C2) 6 = (v0,~"%, B") lies in the interior of a compact set C and the covariate
vectors X and Z are bounded in the sense that P(|X| < m and |Z| <
m) = 1 for some constant m > 0.
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(C3) With probability one, there exists a positive constant e such that P(C' >
T* > KX, Z) > .

(C4) P(Y > s|X,Z) is continuous in s.

Theorem 4.2.1. Assume that conditions (C1)-(C4) are satisfied and that the
logistic/Cox mixture cure model is valid. Then,

Se(k) — Se(k) = n'> nse(Xi, Zi, i, Aiyk) + Ry se(k)

i=1

Sp(k) = Sp(k) = n™'> nep(Xi Zi, Yi, Aiyk) + Ry s (),

=1

where Supg |Rn,Se(k)| = OP(nil/z); Supyg |Rn,Sp(k)| = OP(nil/Q)} and
Nse(X,2,y,0,k) and ngp(x,2,y,0, k) are defined after (4.18) and (4.19) in Ap-
pendix 2.

Moreover, the process n'/2(Se(k) — Se(k)) (k € R) converges weakly to a
Gaussian process Zge(k) with zero mean and covariance function given by

COU(ZSe(kl)a ZSe(k2)) = El:nSe(X; Zv Yv Av kl) nSe(Xa Za Yv Av kQ)] ’

and the process n'/2(Sp(k) — Sp(k)) (k € R) converges weakly to a Gaussian
process Zgy(k) with zero mean and covariance function given by

COU(ZSP(kl)’ ZSP(kQ)) = E[nSp(X7 Za K Aa kl) nSp(Xv Z, Y7 A» kQ)] .

As a corollary to the above result we now state the limiting distribution of
the estimator ROC(u) defined in (4.13) and of the estimator AUC's, given by

1-96
AUCs = / ROC(u) du.
o

For technical reasons we need to restrict the integration to the interval [§, 1 — §]
(for some small 6 > 0), which can however be made arbitrarily close to the
interval [0,1]. The corresponding theoretical AUC is denoted by AUCs =

f;_é ROC (u) du.
Corollary 4.2.1. Assume that conditions 1-4 in Lu (2008) are satisfied and
that the logistic/Cox mizture cure model is valid. Assume in addition that
infy, <x<k, SP'(k) > 0, where Sp'(-) is the first derivative of Sp with respect
to its argument, k1 = (1 — Sp)~1(6) and ky = (1 — Sp)~L(1 — §) for some
6 > 0, and that the functions Se and Sp are twice continuously differentiable
on [k1,ks). Then,

fO\C(u) — ROC(U) =n! Z WROC(Xi7 Z;,Y;, Ai, U) + Rn,ROC(U)7

i=1
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where SUPs <15 |Rn roc(u)| = OP(”_1/2)7 and

nROC(m’ Z,y,d, u) = TSe (:c7 z,Y, 5; (1 - Sp)il(u))
Se'{(1 - Sp)~*(u)}
(1=5p){(1 = Sp)~1(u)}

where Se'(+) and (1—Sp)'(-) are the first derivatives of Se and (1—Sp), respec-
tively, with respect to their argument. Moreover, the process n'/? (ﬁO\C(u) —
ROC(u)) (u € [6,1—10]) converges weakly to a Gaussian process Zroc(u) with
zero mean and covariance function given by

nsp(w, z,y,0,(1— Sp)_l(u)),

Cov(Zroc(ur), Zroc(u2)) = E[nroc (X, Z,Y, A, u1) nroc(X,Z,Y, A, us)],

and
nl/Q(AUC5 — AUCé) i) N(07U,24UC)a

where

1-6 16
chve :/5 : E(Zroc(u1)Zroc (u2)) duy dus.

4.3 Finite Sample Performance

4.3.1 Some Preliminaries

In this section, an extensive simulation study is performed in order to evaluate
the finite sample performance of the ROC curve estimator (4.13). Two versions
of this estimator are considered:

LC' : assuming a LC cure model for Wy and W;. The LC cure model is
estimated assuming the method proposed by Sy & Taylor (2000) based
on the EM algorithm (see also Section 2.1.2 in Chapter 2),

SIC : assuming a SIC cure model for W, and W7, where the model is
estimated according to the maximum likelihood approach described in
Chapter 3 (see Section 3.1.3).

Both the case of known and unknown M are investigated, and for both of
them, the following points are analysed. First, we are interested in the general
performance of the proposed estimators of the sensitivity and the specificity.
Particular interest lies in the effect of censoring and of an incorrect specification
of the vector Z. Then, other points include a misspecification of the model for
S, and a non-logistic model for the cure proportion p.

To assess the performance of our proposed method, we consider two infea-
sible competitors:

CSK (Cure Status Known): corresponding to the ROC curve estima-
tor that would be obtained if the cure status would be fully observed.
Equations (4.3) and (4.4) give the estimators for the sensitivity and the
specificity in that case. The objective here is to evaluate the effect of the
imputation of the cure status described in Section 4.1.1,
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TW (True Weights): corresponding to the estimator (4.7) combined with
(4.10), based on the true values of p and S,,. This benchmark estimator
allows to investigate the effect of estimating p and S, by means of the
LC or SIC cure model.

Two criteria are considered to compare the four estimators, namely, the L1
distance between the true and the estimated ROC curves and the AUC. The
L1 distance is given by

1%
L1=V"'Y " [ROC(u;) - ROC(u;),

i=1

where ﬁ()? is one of the ROC curve estimates 4and ROC is the true ROC

curve. It is computed over a grid of points u; = 155 fori =1,...,V = 99. For
LC and SIC estimators, the AUC is given by

n n
NoN1 i j=1
For CSK and TW estimators, the formula is almost the same, but with different
Wio, Wi1, No and Ny. For CSK, they are replaced by Wio, Wi1, Ny and Ny,
while for TW, they are given by Wio, Wi, No and Ny. Note that these formulas
take into account possible ties in M with the added term 0.5 x I(M; = M;).

4.3.2 Data Generating Process

Within this section, we assume that the data are generated from the mixture
cure model (1.5). The data generating process is as follows.

1. First, the incidence is considered :

(i) The uncure probability p is generated according to the model p(x) =
g(~tx), where g(-) is a link function. Primary interest lies in the
logistic link function, that is, g(a) = exp(yo + a)/{1 + exp(yo + a)},
which gives the logistic regression model, but other link functions
can also be assumed;

(ii) The second step consists in generating, for given @, the uncure status
(1— D) from a Bernoulli distribution with parameter equal to p(x).

2. Next, the latency is generated :

(i) We consider two models for the survival function of the uncured ob-
servations. The first model is a Gompertz model with survival func-
tion S(t|z) = So(t)™PB'2) where So(t) = exp[—fa~ {exp(at)—1}],
8 = 0.5 and o = 0.03.

The second model is an AFT model assuming a log-logistic distribu-
tion for T, with survival function S, (t|z) = [1+ X {t/exp(Btz)}"] !
where A = 0.05 and k£ = 2.5. Note that the AFT model does not
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respect the proportional hazards property contrarily to the Gom-
pertz model. Since W, and W, are obtained from a mixture cure
model assuming a Cox PH model for the latency, this allows us to
verify whether a model misspecification of S,, affects the ROC curve
estimate;

(ii) Next, we generate the censoring time from a uniform distribution on
[Unmins Umaz] that is independent of T', X and Z. We further truncate
the survival times of the susceptible observations at Uy, — 1 so that
the support of C is larger than the support of T

(iii) We finally generate the follow-up time ¥ = min(7, C') and the cen-
soring indicator A = I(T < C).

4.3.3 Known Classifier

First, we consider the case where the classifier takes the form of a single variable
or of a known one-dimensional score denoted by X. Note that when dim(X) =
1, the single-index model reduces to a non-parametric model. We assume three
different scenarios for the incidence. The first two scenarios assume a logistic
regression model for p(x) corresponding to different discriminations between
the cured and the uncured sub-populations:

Scenario 1: X ~ N(2,2.5), v =0, v7 = 1, and AUC = 0.9016. This
scenario corresponds to a good discrimination with a cure proportion
equal to 25.6%.

Scenario 2: X ~ N(1.2,1), v = 0, v» = 1, and AUC = 0.7374. This
scenario is associated with a moderate separation between the two sub-
populations, and the proportion of cured subjects is equal to 26.9%.

The third scenario assumes a non-logistic model for p(z) with a non-monotone
shape in order to evaluate the performance of the LC and SIC estimators in
such a case. The link function is given by g(a) = [sin{(3/2) 7 a} + 1]/2. Tts
characteristics are as follows:

Scenario 8 X ~ Unif(0,1), v; = 1, and AUC = 0.8124, corresponding
to a good separation between cured and uncured sub-populations. The
cure proportion equals 39.4%.

The graphical representation of the respective ROC curves is given in Figure
4.1.

For the survival times, the Gompertz model and the AFT model have the
following characteristics.

Gompertz model: We consider two covariates, Z; and Z,, that are in-
dependent, following a Bernoulli distribution with parameter equal to
0.6 and 0.2, respectively. The associated vector of parameters is 3 =
(1.5,—0.5)". For the uniform distribution considered for the censoring
time C, we assume that U,,;, = 0 and three different values are consid-
ered for Upq.: 65, 25 and 10, corresponding to three different levels of
censoring denoted by level 1, level 2 and level 3.
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Scenario 1 (AUC = 0.9016) Scenario 2 (AUC = 0.7374) Scenario 3 (AUC = 0.8124)
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Figure 4.1: True ROC curves for Scenarios 1, 2 and 3.

AFT model: Two independent covariates, Z; and Z,, are considered,
following a Bernoulli distribution with parameter equal to 0.6 and 0.3,
respectively. The associated vector of parameters is 3 = (0.7, —0.3)%. As
for the Gompertz model, the censoring time is generated from a uniform
distribution with U,,;, = 0 and with three different values for U,,qz.
These values are chosen such that the proportion of censored observations
with a follow-up time lower than or equal to 7 is the same as for the
Gompertz model, in order to allow comparison between the two models.

We now consider the following five settings, corresponding to the three sce-
narios for the incidence and the two models for the latency considered above
(note that the non-logistic scenario for the incidence is only considered in com-
bination with the Gompertz model, since it serves to assess the performance of
the LC estimator when the logistic model is not satisfied). Each setting has a
particular objective:

Scenario 1/Gompertz model — to evaluate our proposal and the effect of
censoring when the discrimination is good;

Scenario 1/AFT model — to verify whether a model misspecification of
Sy affects the ROC curve estimate when the discrimination is good;

Scenario 2/Gompertz model — to evaluate our proposal and the effect of
censoring when the discrimination is moderate;

Scenario 2/AFT model — to verify whether a model misspecification of
S, affects the ROC curve estimate when the discrimination is moderate;

Scenario 3/Gompertz model — to evaluate our proposal when the link
function is not logistic. Note that for this latter setting, a fourth censoring
rate is considered in order to further evaluate its impact in such a case.

To assess the effect of a misspecification of Z, the estimators are further esti-
mated assuming that Z = X, on Scenario 1/Gompertz and Scenario 2/Gom-
pertz. Table 4.1 summarises the setting characteristics, comprising parameter
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values for the censoring distributions, cure rates, censoring rates, and the per-
centage of observations for which Y < 7.

For each setting, we consider 500 datasets, and for each dataset, we assume
two sample sizes, n = 250 and n = 500.

Figure 4.2 shows the boxplots of the L1 distance when n = 250 for the set-
tings with Scenarios 1 and 2 for the incidence. As it can be seen, when the cen-
soring rate is close to the cure rate, and when everything is specified correctly,
our proposals perform almost as well as the two infeasible competitors what-
ever the model assumed for Wj. In such a case, very few censored observations
are below 7, which are those with weight equal to P(D = 1|X,Z,C,T > C).
A larger censoring rate is conversely associated with higher L1 distance and
larger variance, particularly for SIC under the third censoring level. When
the censoring rate gets larger, fewer censored observations are located in the
plateau, meaning that less censored observations are considered as cured, that
is, with W;; = 1. Furthermore, as shown in Chapter 3, the SIC cure model
performs worse than the LC cure model when the true model for the incidence
is a logistic model and when the censoring rate increases as it is the case for the
third censoring level. Interestingly, LC is close to CSK even for the third cen-
soring level. Another interesting point is that the L1 distance for TW decreases
slightly when the censoring rate increases. It seems that having more censored
observations below 7 produces better results when considering the true Wy and
Wi. In such a case, the size of the jumps are smaller and it seems that the
ROC curve becomes ‘smoother’ and closer to the true curve. Nevertheless, this
feature is not observed for LC and SIC. By comparing Scenario 1 and Scenario
2, we observe that the L1 distance is larger for Scenario 2. Indeed, it is more
difficult to correctly separate cured from uncured sub-populations based on
this scenario since the discrimination is moderate. The discrimination between
cured and uncured sub-populations seems therefore to have an influence on the
performance of the ROC curve estimators. However, the general conclusions
are the same for both scenarios.

For the settings where Z is misspecified, we observe that when few censored
observations are below 7, the L1 distance for our proposals is only slightly
higher in comparison with the two infeasible competitors, while when the num-
ber of censored observations below 7 is larger as for the third censoring level,
both the LC and SIC estimators have higher L1 distance than when Z is cor-
rectly specified. Interestingly, for the second censoring level, the L1 distance for
LC seems to be comparable to the L1 distance of CSK for both scenarios while
SIC seems to already present some difficulties. Note that we consider the case
where Z is completely misspecified, whereas it seems more likely to have only
a partial misspecification of this vector of covariates in practical applications.
We are therefore in an extreme case.

When the survival times are generated according to an AFT model, our
proposals show a higher increase in the L1 distance in comparison with when
there is no misspecification, especially when the censoring rate increases. SIC
is still the least favourable estimator. However, a misspecification in Z affects
the performance of our proposals more than a misspecification in the latency.

Figure 4.3 provides the boxplots of the AUC for Scenarios 1 and 2 when
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n = 250. The same conclusions as for the L1 distances can be drawn. Note
that SIC performs less good than LC, especially for the third censoring rate.
LC on the contrary is close to CSK for all censoring rates considered, but we
observe more variability. For all these settings, the true incidence is a logistic
regression model.

method Il csk B Tw B3 L B3 sic method Il csk B8 Tw B3 Lc B3 sic
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Figure 4.4: Bozplots of the L1 distance and the AUC for Scenario 8 Gompertz
for n = 250.

When the true incidence is not a logistic regression model (Scenario 3), LC
has always higher L1 distances than SIC as it can be seen in Figure 4.4. When
the censoring rate gets larger, the difference between LC and SIC increases, and
we observe that SIC outperforms LC, especially for the third and the fourth
censoring levels. It seems therefore that, when p(x) is inconsistent and when
the proportion of censored observations below 7 is large, LC performs badly.
Based on the analysis of the AUC, the same conclusions can be drawn.

An interesting feature that was already observable from the previous set-
tings and which is confirmed with the fourth censoring level here is that the
more the censoring rate increases, the more the L1 distance of LC and SIC
increases since many more observations have Wo and W, relying on P(D =
11X,Z,C, T > C) in that case. Therefore, the censoring level is crucial in the
performance of our proposals.

For both the L1 distance and the AUC, the same conclusions also apply
when n = 500 (see Figures 4.12, 4.13 and 4.14 in Appendix 1 at the end of
this chapter). Furthermore, as expected, the L1 distances are smaller and less
variable than for n = 250. For the AUC, the variability is also lower.

4.3.4 Unknown Classifier

We next consider the case where the classifier is an unknown combination of
variables. Two configurations are investigated: when the variables are inde-
pendent and when there exists some correlation between some of the variables.
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Independent Variables

Two scenarios are considered for the incidence, both of them assuming a logis-
tic regression model and corresponding to two different levels of discrimination
between the two sub-populations. For both of them, we assume three indepen-
dent variables. Each setting has the following characteristics:

Scenario 4: X1 ~ N(0,1), Xo ~ Bernoulli(0.6) and X3 ~ Bernoulli(0.3).
We take 7o = 1 and v = (2,3, —2)*. The cure rate is equal to 24.5% and
AUC = 0.9080, corresponding to a good discrimination between cured
ans uncured subjects.

Scenario 5: X1 ~ N(0.6,1), X2 ~ Bernoulli(0.5) and X3 ~ Bernoulli(0.4).
We take 79 = —1.7 and v = (0.7,1.1,0.3)!. The cure rate is equal to
62.2% and AUC = 0.7219. With this scenario the discrimination between
the two sub-populations is moderate. These characteristics have been
chosen such that the scenario mimics the characteristics of the melanoma
data on which our methodology is illustrated (see Section 4.4).

The graphical representation of the true ROC curves for these two scenarios is
given in Figure 4.5.
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Figure 4.5: True ROC curves for Scenarios 4 and 5.

For the latency, we consider the same model as when the classifier is known,
that is, a Gompertz model or an AFT model, with the same characteristics.
We consider the four following settings corresponding to all combinations of
the two scenarios for the incidence and the two models for the latency. As for
the known classifier case, each setting has the following objective:

e Scenario 4/Gompertz model — to evaluate our proposal and the effect of
censoring when the discrimination is good;

e Scenario 4/AFT model — to verify whether a model misspecification in
S, affects the ROC curve estimate when the discrimination is good;

e Scenario 5/Gompertz model — to evaluate our proposal and the effect of
censoring when the discrimination is moderate;
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e Scenario 5/AFT model — to verify whether a model misspecification in
Sy affects the ROC curve estimate when the discrimination is moderate;

To assess the effect of a misspecification of Z, the estimators are further es-
timated assuming that Z = X in Scenario 4/Gompertz and Scenario 5/Gom-
pertz. Note also that a fourth censoring rate is considered when Scenario 5 is
assumed for the incidence in order to evaluate the situation when many ob-
servations are censored before 7 as it is the case for the melanoma data set.
Table 4.2 summarises the setting characteristics, comprising parameter values
for the censoring distributions, cure rates, censoring rates, and the percentage
of observations below 7.

Since the classifier is unknown, it first needs to be estimated before the ROC
curve can be computed. We consider a LC cure model, M being estimated by
the score 40+4"X from the logistic model considered in the incidence. However,
a difficulty remains. Indeed, if M and the ROC curve are estimated on the
same dataset, the ROC curve can overestimate the classification performance
of M as explained by Copas & Corbett (2002), and hence this would lead
to misleading conclusion(s). It is therefore necessary to obtain generalizable
conclusions about the performance of M. To do so, an ideal approach would
consist in splitting the dataset into two groups, a training set on which the
model is fitted and a test set on which predictions are made and then used
to build the ROC curve. However, to split a dataset, a large sample size
is required. When this is not the case, the use of other approaches exist as
explained by Hastie et al. (2009), among which cross-validation. To mimic
real data settings, the finite sample performance of our proposal is therefore
evaluated as if the sample size was not large enough to be split into two groups.
We instead perform it using cross-validation. We proceed as follows. First,
the initial dataset is split into K folds. Each fold is then considered as the
test set successively, the other folds being considered as the training set. For
example, if K =5, and denote by F'1, F2, F3, F4, and F5 the five folds, the
cross-validation procedure will produce five different runs with the following
composition for the test and training sets :

run test set training set
1 F1 F2UF3UF4U Fb
2 F2 F1UF3UF4UF5
3 F3 F1UF2UF4UF5)
4 F4 F1UF2UF3UF5
5 F5 F1UF2UF3UF4

For each run, a LC cure model is fitted on the training set in order to estimate
Yo and . Then, predictions for M are performed on the test set and the ROC
curves are estimated. Furthermore, the L1 distance and the AUC are computed
for each ROC curve at each run. At the end of the K runs, the L1 distances
and AUCs are averaged over the K folds. In what follows, we take K = 5. As
for the known classifier case, 500 datasets are generated for each setting, and
two sample sizes are considered, n = 250 and n = 500.
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The boxplots of the L1 distance for all settings and for n = 250 are given
in Figure 4.6. As it can be seen, when there is no misspecification on Z or
on the latency, the conclusions are almost the same as when the classifier is
known. We observe only slight differences between the four estimators when
few observations are censored before 7, while when the censoring rate gets
larger, LC and SIC present slightly larger L1 distance than TW, particularly
for the third and the fourth (only for Scenario 5) censoring level. We also
notice that, as for the known classifier case, SIC presents higher L1 distance
than LC in such a case. However, we also observe that compared to CSK, our
proposals have ROC curves that are closer to the true one when the number
of censored observations for which Y < 7 increases. Since the ROC curves
are computed based on cross-validation, only 50 observations are considered
to build the ROC curves on each run of the cross-validation. Furthermore,
as already mentioned for the known classifier case, when the censoring rate
increases, more observations have a weight equal to P(D = 1|1X,Z,C,T > C)
and it follows that our proposed method gives a smoother curve which is closer
to the true one. Since the sample size is small the ROC curves have fewer
jumps than previously and it seems that, for the unknown classifier case, not
only TW presents better results in such a case, but also LC and SIC. As before,
the L1 distances are large for Scenario 5 compared to Scenario 4. This is due
to the lower discrimination in Scenario 5.

When Z is misspecified, LC performs almost as well as TW and the results
are comparable to the case where there is no misspecification and so for all
censoring levels. Conversely, when the number of censored observations before
T increases, SIC presents slightly higher L1 distance compared to the situation
where there is no misspecification. When the latency is misspecified, the same
conclusions can be drawn. We only observe slight differences with the case
where there is no misspecification. When n = 500, the conclusions stay the
same as it can be seen in Figure 4.15 given in Appendix 1 even if we notice
lower L1 distances, as expected.

Figure 4.7 (and Figure 4.16 in Appendix 1 at the end of this chapter)
contains the boxplots of the AUC for n = 250 (for n = 500). The same
conclusions as for the L1 distance can be drawn. As for the known classifier,
our proposals perform well in comparison with the two infeasible competitors,
even when the censoring rate increases or when the weights are not correctly
specified. As for the L1 distance, both LC and SIC present some difficulties
when many censored observations are such that Y < 7. SIC is still the one
performing the worst in such a case.

Dependent Variables

To further investigate the finite sample performance of our proposal in the case
where there is a correlation between variables, we consider a Scenario 6 for
the incidence where two of the three covariates are generated from a bivariate
normal distribution. The characteristics are as follows:

(3)~((V)(a 2))
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where o2 represents the covariance between X; and X5, and we suppose that
X35 ~ Bernoulli(0.3). Different values for o15 are assumed in order to assess
the impact of different degrees of dependency between the covariates on the
ROC curve estimates. We assume that 015 can be equal to 0, which serves
as benchmark, 0.5,1, and 1.2. For the parameters in M, we take 79 = 1 and
~ = (—1.3,0.5,—2)t. Each value of 15 corresponds to a different sub-scenario
denoted by Scenario 6(a), 6(b), 6(c) and 6(d), respectively. For each of them,
the cure rate is equal to 35.0%, 34.2%, 33.1% and 32.6%, respectively, and
the AUC is equal to 0.8333, 0.8140, 0.7899 and 0.7794, respectively. Figure
4.8 represents the true ROC curve for each of the four sub-scenarios as well
as the correlation between X; and X5. By combining all these informations,
we observe that when the strength of the dependency increases, the cure rate
decreases as well as the discrimination between cured and uncured subjects
(the ROC curves get closer to the bisector) resulting in smaller AUCs.

Table 4.3: Setting characteristics for Scenario 6: parameters of the censoring
distribution, cure rate, censoring rate and percentage of censored observations
for which'Y < 7.

% obs.
incid. cure censoring A =0,
type Umaz  rate rate Y<r

Scen. 6(a) 65  35.0% 36.1% 6.2%
25 35.0% 37.9% 15.3%
10 35.0% 42.4% 30.0%
Scen. 6(b) 65 34.2% 35.3% 6.1%
25 34.2% 37.1% 15.0%
10 34.2% 41.7% 29.6%
Scen. 6(c) 65 33.1% 34.2% 6.0%
25 33.1% 30.1% 14.7%
10 33.1% 40.7% 29.1%
Scen. 6(d) 65 32.6% 33.8% 5.9%
25 32.6% 35.7% 14.5%
10 32.6% 40.3% 29.0%

For the latency, we only consider the Gompertz model presented above, with
the same characteristics. Associated with the four sub-scenarios considered for
the incidence, it results in a total of four settings. The parameter values for
the censoring distributions, the censoring rates, as well as the percentage of
observations with a follow-up time below 7 for each of them are given in Table
4.3. Furthermore, we only consider the case where Z is well specified.

The cross-validation procedure presented in the previous section is consid-
ered to compute the ROC curves. 500 datasets are generated for each setting
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Figure 4.8: True ROC curves and correlation between X1 and Xo for Scenarios

6(a) to 6(d) for n = 250.
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and we only perform the simulations for n = 250.

Figure 4.9 represents the boxplots of the L1 distance and the AUC for
the four sub-scenarios. In terms of general comparison of the methods, the
same conclusions as above can be drawn whatever the degree of correlation.
We observe that our proposals perform as well as TW and CSK when few
observations are censored before 7. When the censoring rate increases, we ob-
serve larger differences between our proposals and TW, but we also notice that
CSK performs poorly comparatively with the three other methods, as it has
already been observed when the three covariates are generated independently.
By specifically considering the impact of the degree of correlation, we note
some difference between the settings. Indeed, when the correlation increases,
the L1 distance increases as well. This phenomenon was expected since the
discrimination between cured and uncured populations tends to decrease when
the strength of the association between X; and Xj is getting larger. However,
we also observe that SIC seems to perform almost as well as LC for the third
level of censoring for Scenarios 6 (c¢) and (d), situation which was not observed
for the independent case. Nevertheless, it seems that having correlated covari-
ates does not have an important impact on ROC curve estimates, whatever the
method considered. A possible explanation comes from the fact that it is the
order of the values of M which is considered to build the ROC curve and not
the values themselves. Therefore, if there are some problems of collinearity but
if the order of the observations stays the same, the ROC curve still performs
the same.

4.4 Application

In order to illustrate our methodology on real data, we use a melanoma data
set coming from the textbook by Andersen et al. (1993). This data set consists
of 205 patients diagnosed with malignant melanoma (skin cancer) during the
period 1962-1977, and who experienced a radical operation (complete removal
of the tumour together with the skin within a distance of about 2.5cm around
it) performed at the Plastic Surgery department of the University Hospital of
Odense in Denmark. All patients have been followed since surgery and until
the end of the year 1977. The endpoint of interest is the death from melanoma.

Among the 205 patients, 57 died from the melanoma. Figure 4.10 repre-
sents the Kaplan-Meier estimator of the survival function. As it can be seen,
it levels off at around 65% and there is a long plateau of 2227 days (approxi-
mately 6 years), which contains 23% of the censored observations. These two
elements are indicative of the presence of a cure fraction alongside the contex-
tual evidence. Indeed, melanoma belongs to the group of cancers for which it is
known that some patients get cured. It seems therefore that there exists a cure
fraction for patients suffering from melanoma and that this data set contains
such subjects.

Alongside the survival time, three covariates are available, the thickness
of the tumour (in millimetres (mm), ranges from 0.10 to 17.47 mm with a
median value of 1.94mm), a binary variable indicating whether the tumour was
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Figure 4.10: Kaplan-Meier estimator of the survival function for the melanoma
dataset.

ulcerated or not (0 = absence - 115 patients, 1 = presence - 90 patients) and
the gender of the patients (0 = female - 126 patients, 1 = male - 79 patients).

Our objective is to assess if these three variables are good predictors of the
cure status. Before computing the ROC curve, we first estimate a LC mixture
cure model with the three covariates included in both parts of the model. The
results are given in Table 4.4. Note that we fit the model considering the
logarithm of the tumour thickness. As it can be seen, by considering a 5%
level, both the ulceration and the thickness of the tumour significantly affect
the cure probability. An absence of ulceration and a thinner tumour increase
the cure probability.

Since gender is not significant, we then compute the ROC curve to assess the
predictive performance of the tumor thickness and the ulceration only according
to the cross-validation procedure described in Section 4.3. We consider a LC
cure model to estimate the classifier and we compute the ROC based on the
estimator (4.13), assuming both a LC cure model and a SIC cure model for
Wy and Wi. Figure 4.11 (a) provides the graphical representation of the two
curves corresponding to the mean ROC curves over the five runs of the cross-
validation. Their respective AUC are 0.7412 and 0.6912, showing that the ROC
curve based on the SIC cure model is lower than the ROC curve obtained from
the LC cure model. In fact, the proportion of observations censored before
7 represents 55.6% of the total number of observations. Furthermore, as it
can be seen from Figure 4.11 (b)-(c), the estimated link function for the SIC
cure model (Figure 4.11(c)) is monotone and close to the logistic one (Figure
4.11(b)), meaning that a logistic model for the incidence is appropriate. As it
has been demonstrated in Section 4.3, when there is a substantial number of
observations censored before 7 and when the true link function is a logistic one,
the perfomance of the ROC curve based on a SIC cure model is less good than
that of the ROC curve based on a LC cure model. Therefore, it seems that the
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Sensitivity
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Figure 4.11: (a) ROC curve estimates - solid curve: LC cure model, dashed
curve: SIC cure model - (b) Estimated link function for the LC cure model
(index = A'x) - (c) Estimated link function for the SIC cure model (index =

Alx).

former one has some more difficulties to correctly evaluate the discrimination
ability of the classifier considered here. Nevertheless, the two ROC curves
are quite close and they indicate that the tumour thickness and the tumour
ulceration only moderately discriminate cured from uncured patients.

4.5 Concluding Remarks

In this chapter we proposed a method to assess cure status prediction from
survival data using ROC curves. Based on the definition of conditional prob-
ability, we derived estimators for the sensitivity and the specificity taking the
form of weighted empirical distribution functions. We proposed to estimate the
weights based on the so-called mixture cure model, assuming both a LC and
a SIC cure model. We further developed an estimator of the area under the
curve, and we derived the asymptotic properties of the proposed estimators.
Through an extensive simulation study we showed that our proposal performs
well when the censoring rate is reasonably high and when not too many cen-
sored observations are below 7, both when the classifier is known and unknown.
When many censored observations have a follow-up time lower than 7, how-
ever, our proposal shows some difficulties when a SIC cure model is considered
to compute the weights and when the true model for the incidence is a logistic
regression model. In such a case, assuming a LC cure model provides more ac-
curate results compared to the infeasible competitors. We further investigated
the effect of a misspecification of the weights, both at the covariate and at the
modelling levels. We have seen that the performance of our proposal is only
slightly affected and that when the proportion of censored observations below
T is not too large, the LC particularly still performs very well. In summary,
censoring is the element affecting the most the performance of our proposal
and we therefore recommend to be cautious when the censoring rate is high
and when many observations are censored before 7. We further recommend
to check the model in the incidence since, as we have seen, when the true link
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function is not logistic, the LC cure model can provide bad results when there
are many censored observations below 7.

Throughout this chapter, we supposed that M is a linear combination of
variables. However, it is possible to extend our proposal to the case where the
classifier would be obtained from a different model. Further investigation would
be necessary to assess the impact of such a situation on the computation of
the weights, but our proposal is not restricted to the linear case. Furthermore,
we have considered mixture cure models to compute Wy and W;. However, a
promotion time cure model, such as the model proposed by Tsodikov (1998a),
could also be considered to estimate a ROC curve for the cure status prediction
from survival data.

4.6 Appendix 1: Boxplots of the L1 Distance
and the AUC for all Settings when n = 500

This appendix contains the boxplots of the L1 distance and the AUC for all
settings when n = 500.

Known Classifier (See next pages)
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Unknown Classifier
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4.7 Appendix 2: Proofs of Theorem 4.2.1 and
Corollary 4.2.1

This appendix contains the proofs of Theorem 4.2.1 and Corollary 4.2.1.
Proof of Theorem 4.2.1. Write

Se(k) — Se(k) = [Se(k) — Se(k)] + [Se(k) — Se(k)]
= Si(k)+ S2(k) (say).

Note that it follows from (4.8) that under the LC mixture cure model,

EWWI(M > k)] _ N(k) {1 -p(X)}(1 - A)

W=y T ™ M X X501
Similarly, write
n Zz’:l Dz D n Zi:l Dl
Then,
S (k)
N(k)— N(k) 11

- =5 (- p)®

_ {N(k)l‘jmk) _ Ng’j) (D~ D)}{1+0p(1)}

= {5 S - BN () - Y0, 20)

x {1+ op(1)}, (4.15)

since D = ED and N (k) = EN(k), which is a sum of zero-mean i.i.d. terms
indexed by k.

Next, consider S;(k). Using a similar derivation as for S2(k), we have :
S1(k)
I i, . N N o -
= (S SO (RUR) - Ru(h) %n (D D H1+or(1))
i=1 i=1

= {Sll(k) + 512(1<1)}{1 +op(1)}.

Let us consider first Sy1(k). The term Sy (k) depends on Wy — W;y, which
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equals

Wi — Wa
(- Ai){ 1-p(Xi)

1 —p(X;) + p(X;)Su(YilZs)
_ 1 —p(Xi) }
1 —p(Xi) + p(X;)9u(YilZ;)

—(Bi—B)}{l—i—OP(l)}

= L2 (X)) - (X)L - p(X0) + p(X0) (Vi)

(1= Su(¥i|Z)) (5(Xs) — p(X)) (1 = p(X))
—p(X)(1 — p(X0)) (Su(YilZi) — Su(VilZa)) {1 + 0p(1)}
1-A;

= - { -~ (X)) — p(X)Su(¥i[Z:)

K3

~(8u(Yi|2Zi) = Su(Yi|Z:))p(X:)(1 - p(X)) |
x{1+op(1)}.

It follows from the proof of Theorem 3 in Lu (2008) that

1 n
p(x) *Z §(X;, 25, Y5, Aj, @) + op(n~'/?)

3

uniformly in @, for a certain function ¢ satisfying E(£(X,Z,Y,A,x)) = 0 for
all x, and

n
Su(tlz) — Su(tlz) = Z Z;,Y;, A t)2) + 0, (n~V/?)

3\*—‘

uniformly in ¢ and z, for a certain function ¢ satisfying E(¢(X,Z,Y, A, t|z)) =
for



4.7. Appendiz 2 111

all ¢t and z. Hence,

Su(kz)

11 M >k))

@\
3=

M= 1 M:

— Su(YilZ:)(p(X;) — p(X4))

(1 — ANI(M; > k){

1
n B?

ol =
i

7

— p(Xi)(1 - p(Xz-))(Su(mzi) = Su(YilZa) {1+ 0p(1)}

n _ k
T DI L NIV ANE AR TRNE
=1 j=1

— p(X) (1= pXD))C(X;, 25, Yy, Ay, YilZi) |+ op(n2)

ﬁ Z {%(h(w‘/}v’f) + h(V;, Vi, k))} +op(n~1?)

b\H S| =

e MYV R) + op(n ),
1<J

where h(V;, Vi, k) = M{—Su(mzi) (X,.Z;,Y;, A, X)) —p(X;) (1—
p(Xl))C(X J7ij7AJ7Y‘Z )}

We have a U-process of order 2 with symmetric kernel h, where V; =
(X;,Z;,Y;,A;). Tt follows from Corollary 4 in Sherman (1994) that this U-
process can be decomposed in its Hajek projection and a remainder term that
is uniformly of smaller order :

S11(k)

21~ 5 -
= D 2 PRIV +op ()
p

:éi;E[(l_A)é(QM>k){—Su(YZ) (X}, 27, Y5, A1, X)

— p(X)(1 = p(X))C(X;, 25, Y5, A, Y|Z) |
+op(n~1/?). (4.16)

In a similar way, we can show that

Sualh) =~ LS B80S, (vimeX, 2,.7.4,.%)

— p(X)(1 = PX))C(X), 25, V5, A, Y [Z) }]
+op(n~1?). (4.17)
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We can now combine the expressions for Si1(k), Si2(k) and Sa(k), which
leads to

Se(k) — Se(k) = S11(k) + S1a(k) + Sa(k) + op(n~1/?)
1

n

Z’rlse(xjazj7}/jaAj7k) +0P(n_1/2)? (418)

j=1

uniformly in k, where ns.(X;,Z;,Y;,A;, k) is obtained by combining the ex-
pressions given in (4.16), (4.17) and (4.15).
Next, it can be shown that the class

{($,Z,y,5) - nSe(a:vZa:%(S, k) k€ R}

is Donsker, by decomposing the function 7ng. in products and sums of subfunc-
tions that are bounded and Donsker (see Examples 2.10.7 and 2.10.8 in Van der
Vaart & Wellner (1996), VW hereafter). For this, it suffices to show that the
bracketing number of the classes corresponding to each of these subfunctions
is small enough, in the sense of Theorem 2.5.6 in VW. For calculating these
bracketing numbers, one can use the well known results about the bracketing
number of classes of bounded and monotone functions (see Theorem 2.7.5 in
VW), classes of sufficiently smooth functions (see Corollary 2.7.2 in VW), or
related results.

Finally, in a similar way as for the specificity, it can be shown that the
estimator gp(k) of the specificity can be decomposed in a sum of iid terms,
plus a remainder term that is uniformly of smaller order :

1 n
Sp(k) — Sp(k) = - Zﬁsp(Xj, Z;,Y;, A k) +op(n~'/?), (4.19)
j=1
where ng, is obtained by replacing in the expression of 7g. all indicators I(M >
k) by I(M < k) and by noting that Wy =1 — W;. O
Proof of Corollary 4.2.1. Write
ROC(u) — ROC (u) = [ge{(l — Sp)Hu)} = Se{(1 - Sp) " (u H

+ [Se{(1 = 9p) "M (u)} — Se{(1 - Sp) " (u)}]
=T (u) + Ta(u).

We start with To(u) :

To(u) = Se/{(1 = Sp) " () }{(1 = Sp) " (w) — (1= Sp) ()}
+Op(n71/2)

= 5e'{(1 = Sp) " (w)}] -

+op(n=1/?2).

(1—Sp){(1 — Sp)~*(w)} — U}
(1= Sp){(1—Sp)~*(u)}
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This development is similar as in, for example, Cheng (1984), among others.
We know that

Sp(k) — Sp(k) =" " nsy(Xi, Zi, Vi, i, k) + op(n™/?),
i=1

uniformly in k. It follows that

Se'{(1—Sp)~*(u)}
(1= 5p){(1 = Sp)~"(w)}

n

X n_lanp(Xi,Zi,}/i7Ai7(1—Sp)_l(u)) +0P(n_1/2)a

=1

T2 (u) =

uniformly in 6 <u <1 — 4. Next,
Ty(u) = Se{(1 — Sp) " (u)} — Se{(1 — Sp) "} ()} + op(n~1/?),
since it follows from the weak convergence of Se — Se that

sup |§e(k‘2) — Se(ka) — ge(k‘l) + Se(ky)| = op(n_l/z)
|k2—k1|§0n*1/2

for 0 < C' < o0, and

sup  |(1—Sp) " (u) = (1= Sp) ™" (u)

<u<l—§

= O (sup|Sp(k) ~ Sp(k)[) = Op(n~"/2).
It follows that

Tl(u) = n_l ZnSe(Xiv Zia }/i7 Ai7 (1 - Sp)_l(u)) + OP(n_l/Q)'

i=1
Hence,

ROC(u) — ROC(u)

n

=n! Z {USe(Xi, Zi,Y;, A, (1 — Sp)il(u))

S {(1— Sp)1 ()
0= Sp)/ {0 - Sp) (0]}
+ OP(nil/Q)a

sp(Xis Zi, Vi iy (1= Sp) 7 (w))]

uniformly in 6 <u <1—4. We know that the classes
{(-’13,27%5) - nSe(mvzay567 k) ke R}

and
{(w7z7y’6) - nSp(w,z7ya6a k) k € R}
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are Donsker, and that the functions u — (1 — Sp)~!(u) and k — Se(k)’'/(1 —
Sp)~L(k) are continuously differentiable and bounded. Hence, the weak con-
vergence of the process nl/Q{ﬁé?(u) — ROC(u)} (6 <u<1-19) follows.

It remains to show the limiting distribution of n'/2(AUCs — AUCj5). Note
that

1-6
4
n 1-6
=03 [ moc(Xu 2 Y A dut op(n™)
=179

=0 nave(Xi, Zi, Yi, Ay) + op(n”?)

i=1
and that

Var(r]AUC (X, Z, K A))

1-6 p1-6
= / / COV{nROC(Xv Z7 Y7 A7 Ul), nROC(Xv Z7 Y7 A7 Ug)} duy du27
6 1)

since g, and 75, are unbiased. This finishes the proof. (|



Chapter 5

Conclusions and Further
Research

Throughout this thesis we have investigated several issues related to cure mod-
els in survival analysis. In this last chapter, we will conclude the presentation of
our contribution to that topic by first summarising the three projects on which
we have worked on and by then presenting some further research which is in
the continuity of the present work and which seems to be worth investigating.

5.1 General Conclusions

In this manuscript, we have first extensively presented the growing literature
that exists on cure models which is mainly composed of two classes of mod-
els, the mixture cure model which defines the survival function of the entire
population as a mixture of the survival of cured and uncured sub-populations,
and the promotion time cure model which adapts the Cox PH model to take
long-term survivors into account. In Chapter 2, we have seen that, for the
mixture cure model, many different modelling approaches have been proposed,
ranging from completely parametric models for the incidence and the latency,
to completely nonparametric proposals. If a logistic regression model is mainly
assumed to model the probability of being uncured, many different approaches
have been proposed to model the survival function for uncured subjects, all of
them coming from the classical survival analysis literature. Among others, we
can mention a Weibull model, a Cox PH model, parametric or nonparametric
approaches. Among them, the most widely studied is the semiparametric logis-
tic/Cox mixture cure model for which several original estimation approaches
have been proposed. Alongside modelling, other elements such that testing for
the presence of a cure fraction, testing for sufficient follow-up, model diagnos-
tics and variable selection have also be investigated. For the promotion time
cure model, less modelling approaches have been proposed, but it is important
to note that estimation methods based on the Bayesian paradigm have been in-
vestigated as well as measurement errors. More recently, unifying approaches,
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embedding both the mixture cure model and the promotion time cure model,
have been proposed. As we have explained in Section 2.3, two different streams
have driven these developments, one based on a mathematical approach mainly
relying on the use of the Box-Cox transformation; the other one being based on
the biological development underlying the promotion time cure model. Since
all these unifying approaches contain the mixture and the promotion time cure
model as special cases, one can use them to determine which model to use.
However, as described in Section 2.3.3, when there is a transformation param-
eter leading to one or another model, very few elements are available in the
data to estimate it and hence to determine the most appropriate model. Even
if some other proposals have been made, it seems that choosing between the
mixture and the promotion time cure model is an issue which relies more on
a personal choice than on a purely mathematical perspective. Therefore, the
knowledge of the field of the analysis and the scientific question, among others,
are central points which guide the choice for one or the other model.

A second contribution of this thesis focuses on the mixture cure model and
more precisely on the modelling of the uncure probability p(x). Indeed, among
all the proposals for the mixture cure model, many of them consider a logistic
regression model for p(x). Nevertheless, there is no reason to limit the incidence
to such modelling. Even if Peng (2003a) mentions other parametric models — a
probit and a complementary log-log model — one could envisage a more flexible
approach. In Chapter 3 we have proposed such a model by considering a
single-index structure for the incidence and a Cox PH model for the latency.
Among the advantages of the single-index model, we can mention its flexibility
compared with a parametric model, but also the fact that it avoids curse-of-
dimensionality problems encountered in nonparametric regression. Based on
the work by Sy & Taylor (2000), we proposed a maximum likelihood estimation
method based on the EM algorithm which permits to estimate separately the
incidence and the latency of the model. For the incidence, we have adapted the
method proposed by Klein & Spady (1993) for single-index models with binary
outcome which considers a kernel estimator with Nadaraya-Watson weights for
the unknown link function. Since the cure status is unobserved, this estimator
had to be adapted, the expected cure status being rather considered instead
of the true one. As all kernel estimators, a crucial point was the choice of
the bandwidth. We proposed to consider likelihood cross-validation, embedded
within the EM algorithm, the bandwidth being computed at each iteration of
the algorithm prior to the estimation of p(x). For the latency, based again
on Sy & Taylor (2000), we proposed to estimate the vector of parameters (3
from a Breslow-type profile likelihood approach. Alongside the estimation of
the model, we also investigated the important issue of model identifiability
and we proved the identifiability of our proposal. The investigation of the
finite sample performance of the SIC cure model has demonstrated its good
performance when the true model is not a logistic model, both when the true
link function is monotone and when it is not. Furthermore, an interesting point
on which our analysis shed light is that the latency is only slightly affected by
the model considered for the incidence. Nevertheless, the censoring rate affects
both parts of the model and one should be careful when using a cure model
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when only few observations are located in the plateau. To further assess the
practicability of our proposal, we estimated a SIC cure model on a breast
cancer data set and we compared the results with those obtained from a LC
cure model. Based on prediction errors we have seen that the SIC cure model
performed better than the LC cure model. An important issue to address
was the interpretation of the single-index part of the model. We considered a
graphical analysis by representing the link function and plotting the estimate of
the uncured probability against covariates. We observed a non-monotone link
function, the SIC cure model seeming therefore more suitable to model these
data. We further investigated this first result by studying the effect of age on
p(x) through a graphical representation. We observed a non-linear effect of
age on the uncured probability, indicating that a flexible link function might
not be the best option to model the data. Nevertheless, the SIC cure model
provides an interesting diagnostic tool to assess for model misspecification.

The third contribution of this thesis (Chapter 4) concerns the issue of pre-
diction assessment for cure survival data. Indeed, the evaluation of the predic-
tive performance of a covariate or a model is an important issue in many fields
and there was a gap in the evaluation of the cure status prediction based on
survival data. A third contribution of this thesis was therefore the development
of a ROC curve for this purpose. In the presence of a continuous classifier, the
ROC curve, alongside the AUC, is often considered to evaluate binary clas-
sification performance. However, estimating a ROC curve supposes that the
membership to the two possible classes is fully observed. In the presence of a
cure fraction, the cure status is only partially observed through the censoring
indicator. It was therefore not possible to compute the ROC based on ‘clas-
sical’ methods. Alternatively, we proposed to decompose the sensitivity and
the specificity based on the definition of conditional probability which lead to
estimators taking the form of weighted empirical distribution functions. We
have also explained that intuitively these estimators corresponded to a situa-
tion where three groups of observations could be distinguished based on the
so-called cure threshold proposed by Taylor (1995): those who are uncensored
and therefore uncured, those who are censored after 7 and considered as cured,
and those censored with a follow-up time smaller than 7, to which a probability
of being cured was attributed. We proposed to compute the weights according
to the mixture cure model, investigating both the LC cure model and the SIC
cure model. Alongside the sensitivity, the specificity and the ROC curve esti-
mators, we also provided an AUC estimator and we established the asymptotic
properties of the proposed estimators. Through an extensive simulation study,
we have demonstrated the good performance of our proposal compared to the
two infeasible competitors we considered, both when the classifier was known
and unknown and when not too many observations where censored before the
cure threshold 7. We also investigated misspecification in the weights and we
have seen that censoring was the element affecting the most the performance of
our proposal. We finally illustrated our proposal on a real data set representing
the time to death for patients suffering from melanoma.
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5.2 Discussion and Further Research

When thinking about potential extensions of the present work, different ideas
emerge. First, two points seem to be worth discussing since they are directly
related to the work we have presented on the SIC cure model in Chapter 3.
Starting from the application of the SIC cure model on the breast cancer dataset
(see Section 3.3), a first point which could enhance real data analysis would
consist in computing confidence intervals for the uncure probability curve p(x)
when it is estimated by a SIC cure model. This could be an interesting ad-
ditional element to evaluate the uncertainty in the estimate of the curve. To
do so, an approach would consist in using a bootstrap method to estimate the
distribution of the estimator p(x) for each fixed «, from which a confidence
interval can be obtained. However, the bootstrap procedure that we used for
obtaining the variance of the estimator of the coefficients of the single-index
model can not be used for the uncure probability. The reason is that the naive
bootstrap that we used for the parameters of the single-index model is not able
to capture the bias of the estimator. In fact, the bootstrap estimator obtained
from the naive bootstrap is an unbiased estimator (in the bootstrap world) of
the original estimator. A possible way out is to use a local bootstrap, which
consists of drawing bootstrap samples among the data points that lie close to
the covariate vector  in which we are interested. In this way, we should be
able to capture the correct variance and bias, and so we should obtain correct
pointwise confidence intervals for p(x).

Another point which seems to be interesting to discuss is the development
of the asymptotic theory of the proposed estimator, which would constitute
a further step forward in the SIC cure model methodology. However, this
is a challenging problem. Indeed, since the response variable in the kernel
estimator for the single-index model is latent and therefore replaces by its
expectation obtained from the EM algorithm, the estimator is defined via an
EM algorithm and there does not seem another equivalent way to define the
estimator. There are other situations where the EM algorithm is merely an
algorithm used to calculate an estimator, but in our case it is more than that
since the methodology itself is defined via this algorithm.

Beside these two first direct extensions of the SIC cure model, we can envis-
age some more derivatives of our proposal. One of them consists in considering
another model for the latency alongside a single-index structure for the inci-
dence. As we have explained in Chapter 1, the AFT model constitutes the
other popular model considered for survival data alongside the Cox PH model.
An appealing characteristic of the AFT model is that the effect of covariates
can be interpret as decelerating or accelerating the timing of the event offering
therefore an alternative to the Cox model and its proportional hazards property.
As we have seen in Chapter 2, the literature on mixture cure models contains
some proposals assuming an AFT model for the latency, both parametric and
semiparametric. We could therefore think of a semiparametric mixture cure
model where, alongside a single-index structure for the incidence, the latency
could be modelled as a semiparametric AFT model. In such a case, we could
assume that, in the latency, log(T™*) = 5o + B'Z + ¢ where the distribution of e
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would be left unspecified and that the incidence would take the form given by
Equation (3.1). Based on what has already been done for estimating a mixture
cure model assuming a semiparametric AFT model for the latency, the EM al-
gorithm could be considered to estimate the model, in the same manner as for
the SIC cure model. The E-step would remain the same as well as the M-step
for the incidence. For the latency, one of the methods proposed by Li & Taylor
(2002), Zhang & Peng (2007) or Lu (2010) could be considered for maximis-
ing the likelihood for the latency. We could also envisage to introduce more
flexibility by considering a nonparametric modelling for the latency alongside a
single-index model for the incidence. A possibility would consist in extending
the proposal made by Patilea & Van Keilegom (2018) who consider a mixture
cure model with a parametric incidence and a nonparametric latency.

By considering a flexible link function in the incidence modelling, this also
calls for the development of testing procedures for the form of the link function.
Such methods, with, for example, the development of a goodness-of-fit test for
the link function based on the single-index model, would therefore constitute
another possible extension of our work. Likewise, we could also envisage to
evaluate the fit of the latency by proposing a goodness-of-fit test for this part
of the model under a single-index model for the incidence.

Another potential extension for the SIC cure model concerns high dimen-
sional data which are of growing interest in the statistical literature. Two
types of analysis are mainly performed when high dimensional data are at
hand, namely, the identification of features that are individually associated
with the outcome of interest and modelling. Concerning the first point, it con-
sists in testing the effect of each feature on the outcome. Within the context of
cure survival data, it has already been performed by Lépez-Cheda (2018) who
applies the non-parametric test for covariate significance for the incidence of
mixture cure models she developed with co-authors (Lépez-Cheda et al. (2018))
on gene-expression data. In our case, we could also envisage to do it based on a
SIC cure model to determine which variables affect individually the cure status
or the survival of uncured subjects by fitting a SIC cure model on each feature
and then perform a significance test. However, as it consists of multiple testing,
a correction is necessary. We could for example consider the False Discovery
Rate approach proposed by Benjamini & Hochberg (1995) which is one of the
most recommended methods in the literature on high dimensional data.

For modelling, ‘classical’ statistical approaches can not be applied directly
on high dimensional data since the number of features is much larger than
the number of observations. An approach to model data in such context is
dimension reduction with variable selection approaches. Penalised regressions
are one type of methods considered for this purpose. They consist in penalising
the magnitude of the parameters by considering an additional penalty term
in the estimation procedure, the parameters being therefore shrunk toward
zero. These methods have the advantage of both reducing the dimension and
selecting features. Different types of penalties have been proposed: the LASSO
by Tibshirani (1996), the SCAD penalty proposed by Fan & Li (2001) and the
adaptive LASSO by Zou (2006). Based on this approach, we could think of
modelling high dimensional data based on a penalised SIC cure model. Since
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the two parts of the model are estimated separately based on the EM algorithm,
this appealing characteristic eases the estimation of the model. We can think of
applying a penalty to each part of the likelihood as it has been proposed by Liu
et al. (2012) for the LC cure model and borrow methods from the single-index
and the Cox PH model literature on penalised regression to estimate the two
parts of the model.

On a very different perspective, we can also envisage an extension of the
ROC curve approach we proposed in Chapter 4 to assess the cure status pre-
diction from cure survival data. In the literature on ROC curves, alongside the
sensitivity and the specificity which evaluate the frequency of misclassification,
there exist two other quantities that can also be of interest when evaluating
the predictive performance of a classifier: the positive predictive value given by

PPV (k)=P(D =1|M > k),
and the negative predictive value:
NPV(k)=P(D =0|M <k),

which both evaluate how well the classifier predicts the true classes. A possible
extension of Chapter 4 would be to propose estimators for these two quantities
which can be obtained straightforwardly. Indeed, it is easy to see the relation-
ship between these two quantities and the sensitivity and the specificity. Based
on the definition of conditional probability, we have that

P(M>klD=1) P(D=1) _ Se(k) P(D=1)

PPV (k) = POM > k) ST PSR

and that

P(M <k|D=0) P(D=0) Sp(k) P(D=0)
P(M < k) - PM<k)

NPV (k) =

At it can be seen both quantities rely on the prevalence given by P(D = 1).
As already mentioned several times, since cure survival data are subject to
censoring, the prevalence is latent. It is therefore not possible to directly obtain
the positive predictive value and the negative predictive value of the cure status
from cure survival data. However, we can apply the same reasoning as in
Chapter 4 to estimate these two quantities. In fact,

P(D=1) = BE{I(T=o00)}
= B{I(T = )I(T > C)}
E[I(T > C) E{I(T = 0|X,Z,C,T > C)}].

It follows that

P(D=1)=E{(1-A) P(T = x|X,Z,C,T > C)}.
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By replacing the expectation by an average and assuming the cure threshold,
P(D =1) can be estimated by the infeasible estimator

P(D=1)= izwﬂ.
N i=1

Hence, an infeasible estimator for the predictive positive value is given by

Se(k) P(D =1)

PPV (k) = FaTS T

Likewise, we can obtain the following infeasible estimator for the negative pre-
dictive value:

NPV () = T2,

where

1 o~ -
P(D=0)=—> Wip.
No i=1

We can further envisage to estimate Wy and W, assuming a LC cure model or
a SIC cure model as in Chapter 4 in order to obtain feasible estimators for the
positive and the negative predictive values.

Finally, to go far beyond the scope of what has been done in this thesis,
an original idea would be to develop random forests for cure survival data.
Introduced by Breiman (2001), a random forest is a combination of decision
trees which are more and more used for predictions. Decision trees and random
forests exist for binary and continuous outcomes (see for example the textbook
by Hastie et al. (2009) for a detailed explanation of the method) as well as
for survival data (see for example the article by Bou-Hamad et al. (2011) for
an interesting literature review on survival trees). An interesting but also
challenging topic would consist in extending such methods to cure survival
data. A first step would consist in developing a decision tree. Since two types
of information can be obtained from cure survival data, we could consider a
classification tree for the cure status prediction, but also a survival tree which
could handle the presence of a cure fraction. A second step would consist in
extending them to random forests. Many different points would have to be
investigated, but it could be, for example, a useful approach when handling
high dimensional data.
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